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1.0 Introduction 


In this unit, we will deal with the Riemann-Stieltjes integral and study its existence and properties. The 
Riemann-Stieltjes integral is a generalization of Riemann integral named after Bernhard Riemann and 
Thomas Joannes Stieltjes. The reason for introducing this concept is to get a more unified approach to 
the theory of random variables. Fundamental Theorem of the Integral Calculus is discussed later on. 


2 The Riemann-Stieltjes Integral 
1.1 Unit Objectives 


After going through this unit, one will be able to 
e define Riemann-Stieltjes integral and characterize its properties. 
e recognize Riemann-Stieltjes integral as a limit of sums. 
e know about Fundamental Theorem of the Integral Calculus and Mean Value Theorems . 
e understand the concept of Rectifiable Curves 
1.2 Riemann-Stieltjes integral 


We have already studied the Riemann integrals in our undergraduate level studies in Mathematics. Now 
we consider a more general concept than that of Riemann. This concept is known as Riemann-Stieltjes 
integral which involve two functions f anda. In what follows, we shall consider only real-valued 


functions. 
1.2.1 Definitions and Notations 


Definition1. Let [a,b] be a given interval. By a partition (or subdivision) P of [a,b], we mean a finite 
set of points 


PAG Moccia Xt 
such that 
A=Xy SX, SX, Suse X41 5%, =b 


Definition 2. A partition P’ of [a,b] is said to be finer than P (or a refinement of P) if P’ > P, that is, 
if every point of Pisa pointof P je. PCP. 

Definition 3. The P and P, be two partitions of an interval [a,b]. Then a partition P’ is called their 
common refinement of P and P, if P’- =PUP,. 

Definition 4. The length of the largest subinterval of a partition P = {x,,x,,....,x,} of [a,b] is called the 
Norm (or Mesh) of P. We denote norm of P by IP . Thus 


P| = max Ax, = max{x,—x,_, :i=1,2,....,2} 
We notice that if P’ > P, then [P| < |P| . Thus refinement of a partition decreases its norm. 


Definition 5. Lower and Upper Riemann-Stieltjes Sums and Integrals 
Let f be a bounded real function defined on a closed interval[a,b]. Corresponding to each 
partition P of [a,b], we put 
M, = lub f(x) (x,, <x <x,) 
m, = glb f(x) (44 S*2S%) 
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Let a be monotonically increasing function on [a,b]. Then a@ is bounded on [a,b] since @(a) and a(b) 


are finite. 

Corresponding to each partition P={Xo,X1,............ Xn } of [a, b], we put 
Aa, = a(x,)—- a(x,_,) 

The monotonicity of @ implies thatAa@, 20. 


For any real valued bounded function f on [a,b], we take 


L(P, f,a@) - > m,Aa, 
i=l 


U(P, f,a)= > M Aa, 9 
i=l 


wherem, and M, are bounds of f defined above. The sums L(P, f,@) and U(P, f,@) are respectively 


called Lower Stieltjes sum and Upper Stieltjes sum corresponding to the partition P. We further define 


fda=l\ubL(P, f,a@) 


7c 


| fta=slbU(P, fa), 


b 5 
where lub and glb are taken over all possible partitions P of [a,b]. Then } fda and | fda are 


respectively called Lower integral and Upper integrals of f with respect to a. 


b 
If the lower and upper integrals are equal, then their common value, denoted by | fda, is called the 


Riemann-Stieltjes integral of f with respect to a@, over [a,b] and in that case we say that fis 


integrable with respect to @ , in the Riemann sense and we write f € (a). 
The functions f and @ are known as the integrand and the integrator respectively. 


In the special case, when @(x)= x, the Riemann-Stieltjes integral reduces to Riemann-integral. In such 


i: & 
a case, we write L(P, f), U(P, /), } 43 | fand f €Rrespectively in place of L(P, f,a), U(P, f,@), 


a a 


{ da. f fle and f €R(a@). 
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Clearly, the numerical value of | fda depends only on f,@, aandb and does not depend on the symbol 
x. In fact x is a “dummy variable” and may be replaced by any other convenient symbol. 

1.3 Existence and properties 


1.3.1 In this section, we shall study characterization of upper and lower Stieltjes sums, and upper and 
lower Stieltjes integrals. 


The next theorem shows that for increasing function @, refinement of the partition increases the lower 


sums and decreases the upper sums. 


Theorem1. If P* is a refinement of P, f is bounded real valued function on [a,b] and a is 


monotonically increasing function defined on [a,b] . Then, 


L(P*, f,a)> L(P, fa) 
UP’, f,2)<U(P, f,@) 


Proof. Let P = {X9,X) y.ccsssscrssssoeoeee ,x,} bea partition of [a,b]. Further, let P” bea refinement of P 


having one more point. 


Let x” be such that point in the sub-interval [x,,,x,] that is 


L 


Pe Sah aan es Sh ele cama telat ,x,} . Then, let 
m, = g.L.b. of f in [x15 | 
w, = gb. of f in [| x,,.2" | 
w, = g.l.bof f in Ea 


Obviously, m,<w,; m,<w, . 


Then, 

L(P, f,@) = m,Aay, + MAQ, +e. + M,N, + NQF ereeresreees +m,Aa, 

DP se) = MAQ, +MAQ, + veces +m,,Aa@,,+W, | a(x ) a(x; )| +W, | @(x,)-a(x") + 
TH sg INCL 4 P ieieccsenlecaisas +m,Aa, 

Thus, 


= (w, —m, a(x" )- a(x, ))+ (w, —m, \a(x,)- a(x") 


Now, w-m,20; w,-m, 20 
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Also, @ is monotonically increasing function and x,,<x° <x, .So, 
ax" ie a(x,,)=0 
a(x,)— a(x" )> 0 
=> L(P", f,a)-L(P, f,a)>0 
= L(P*, f,a)> L(P, f.@) 
Similarly, U(P*, f,@)< U(P, fa). 
If P* contains more points, then similar process holds and so the result follows. 


Theorem 2. For any two partitions P, and P, of [a,b], let f be a bounded real valued function defined 


on [a,b] and @ is monotonically increasing function defined on [a,b], then 


UPS (2) U(Re fa) 


Proof. Let P be the common refinement of P and P,, that is, P= P UP,. Then, using Theorem 1, we 


have 
L(P, f,a@)< L(P, f,a)<U(P, f,a) <U(P,, fa). 
Remark 1. If m< f(x)<M . Then, 
m(a(b)— a(a))< L(P, f,a@)< U(P, f,a)< M(a(b)- a(a)). 
Proof . By hypothesis 
m<m,<M,<M 


=>mAa,<mAa,<MAa,<MAa, 


= my a, <> ha, <M,>) ha, <M >) Aa, 


= m(a(b)-a(a))<£(P,f,a)<U(P, f,.a)<M(a(b)-a(a)), 


Theorem 3. If f is bounded real valued function defined on [a,b] and @ is monotonic function defined 
on [a,b]. Then, 


b b 
| fdas | faa 


a 


Proof. Let Pla,b] denotes the set of all partition of [a,b]. For P,P, € Pla,b], we know that 
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L(R,f,a)<U(B, fa) (1) 

This holds for each P, ¢ Pla,b], keeping P, fixed, it follows from (1) that U(P, f.@) is an upper 

bound of the set {L(R, f,a):P €Pla,b}}. 


b 
But least upper bound of this set is | f(x)da. 
a 


i.e, ff (da =lub{L(P, f,a):P €Pla,b}} 


a 


Since, least upper bound < any upper bound 


[f(x)dasu(P, fa) (2) 


a 


b 
This holds for each P, € Pla,b]. So, it follows from (2) that | f(x)da@: is a lower bound of the set 
a 


W(P,. fa): P, € Pla,b}. . 


b 
But greatest lower bound of this set is | fda. 


a 


b 
ie, | fda = gl b.{U(P,, f,a):P, € P[a,b)} 


Since, any lower bound < greatest lower bound. 


b b 
So, | faa = [ faa. 
a a 


Example 1. Let @(x) =x and define f on [0,1] by 


lxeQO 


f0)=fr 3 


Then for every partition P of [0,1], we have 


m,=0,M,=1, because every subinterval [x,,,x,] contain both rational and irrational number. 


L 


Therefore 
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LEP f5a)= S'm,Ax, 
i=l 
=0 


U(P, f,@) => M,Ax, 
i=l 


= bye? —X,,)=%, —% =1-0=1 
i=] 
Hence, in this case 
| fda<{ fader. 


Theorem 4. Let a is monotonically increasing on [a,b] then f ~R(qa) iff for any €>0, there exists a 


partition P of [a,b] such that 
U(P, f.a)-L(P, f.a)<é 
Proof. The condition is necessary: 


Let f be integrable on [a,b] ie, f € (a) on [a,b], 


b b b 
so that [ fda =| fda =| fda (1) 
a a a 


Let ¢ >0 be given. 


b 
Since | fda =sup{L(P, f,a):P isa partition of [a,b]} 
a 


So, by definition of l-u.b., there exists a partition P, of [a,b] such that 


ARTs ee len, (by (1)) 
- é 
EER; |e 


= 1(P,f.a)+£> | faa (2) 


Again, 


8 The Riemann-Stieltjes Integral 
b 
Since | fda = inf {U (P, f,a) : P isa partition of [a,b]}. 
By the definition of g.1.b., there exists a partition P, of [a,b] such that 
h Ef E 
U(P,, f,a)<| fda+—=| fda+— 
eee) ar =| ae, 


=U(P,f.a)<| flare (3) 


Let P =P UP, be the common refinement of P, and P, , so that 


U(P, f,a)<U(B, f.a) (4) 
And L(P, f,a)<L(P, f,a) (5) 
Now, we have 
U(P, f.a)<U(P,.f.a) <j fda+= (by (3)) 
< LR, fiat 5+ 5 (by (2)) 
=L(P,f,a)+e 
<L(P,f,a)+é (by (5)) 


=>U(P,f,a)<L(P,f,a)+é 
or U(P,f,a)-L(P,f,a)<e. 


The condition is sufficient: 
Let ¢>0 be any number. Let P bea partition of [a,b] such that 
U(P, f,a)-L(P, f,a)<eé (6) 
Since lower integral condition exceed the upper integral. 
b 


b 
So, | fda< | fda. 


. 
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b b 
= | fda-| fda>0 (7) 
a a 


Now, we know that 


b b 
L(P, f,a)< | fda<{ fda<U(P, f,@) 
7 


b b 
= | fda—| fda <U(P,f,a)-L(P,f,0)<e (8) 


2 a 


From (7) and (8) , we have 


b b 
0<[ fda-| fda<e 
@ a 


b 
The non — negative number } fda- | fda being less than every positive number € must be zero, 
a a 


b b 
ie, | fda-[ fda =0 
g a 


b 5 
= | fda =| fda. 
@ a 


1.3.2 In this section, we shall discuss integrability of continuous and monotonic functions along with 
properties of Riemann-Stieltjes integrals. 


Theorem 1. If f is continuous on [a,)], then 


(i)  feR(a) 


(ii) | toevery €>0 there corresponds a 6 >0 such that 


<E 


YD f(4)Aq, - | fade 


for every partition P of [a,b] with IP <6 and for all t, €[x,,,x,]. 
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Proof. (i) Let €>0 and select 7 > 0 such that 


nla(b)—a(a)|<e (1) 
which is possible by monotonicity of @ on [a,b]. Also f is continuous on compact set [a,b]. 


Hence f is uniformly continuous on [a,b]. Therefore there exists a 6 > 0 such that 
If@)-fO| <7 whenever |x-<¢| <O forall x e[a,b], te[a,b] (2). 
Choose a partition P with P| <0. Then (2) implies 

M,-m,sy  (=1,2,...4.,7) 


Hence 


U(P, f,a)-L(P, f,@) => M,Aa, -¥mAq, 
i=l i=l 
= Yu, —m,)Aa, < n> Aa, 
i=l i=l 


= n> La, (x;) + a(x,_,)] 


=nla(b)—a(a)] 
‘= 

<.— =e, 
7] 


which is necessary and sufficient condition for f <¢ R(a@). 


(ii) | Wehave 
LIP, f.a)< > f(t)Aa, <U(P, fra) 
and 


L(P, f,a)< | fda <U(P, f,a) 


Since f e R(a), for each €>0 there existsd > 0 such that for all partition P with IP <0, we have 
U(P, f,a)—-L(P, f,@) <e€ 


Thus 


<U(P, f,a)—L(P, f, a) 


Ys )aa,~ f fda 
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<eE 


rs b 
Thus for continuous functions / , lim, Piso Ds f(t,)Aa@, exists and is equal to } fda. 
i=l 


a 


Theorem 2. If fis monotonic on [a,b] and if @ is both monotonic and continuous on [a,b], then 


feER(a@). 
Proof. Let < be a given positive number. For any positive integer n, choose a partition P of [a,b] such 
that 
ee ee ee 
n 


This is possible since @ is continuous and monotonic on [a,b] and so assumes every value between its 
bounds a@(a)and a(b). It is sufficient to prove the result for monotonically increasing function f , the 


proof for monotonically decreasing function being analogous. The bounds of f in [x,,,x,] are then 


m, = f (%4). Mp = f(%), $=1,2,.0050- 


Hence 
U(P, f.0)-L(P, fa) = (M, —m))Aa, 
a(b)-a(ayd 
= 2M, m,) 
= FOR FOS) - FOI 
= 20) HO F0)- fa) 
<e for large n. 
Hence f € R(a@). 


Example 1. Let f bea function defined by 
f(x')=land f(x) =0 forx#x,a<x <b. 
b 
Suppose q@ is increasing on [a,b] and is continuous atx’. Then f € R(a@) over [a,b] and } fda=0. 


Solution. Let P= {x,,x,,......,x,} be a partition of [a,b] and let x° € Ax,. Since @ is continuous at x’, 


to each €>0 there exists 6 >0 such that 
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* E * 
a(x) — A(x ) = A whenever x —x | <O 
Again since q@ is an increasing function, 
* E * 
POU ORS for O0<x-x <d 
and 
* E * 
ae acdc) rs for O0<x-x <d 


Then for a partition P of [a,b], 
Aa, = a(x,)-—a(x,_,) 


= a(x,)— a(x") + a(x")— a(x) 


— 
<—+—=e, 
2 2d 


u 0,4,.4x 
Therefore > F(t )Aa, = i 


5! p2'i 


that is, 


<eE 


y fle)Aa, -0 


Hence 


ki b 
limp. 2 S(t )Aa, = [ fda =0 
i=l a 


andso f «(a) and [ fda =0. 
Theorem 3. Let f, eR(a@) and f, e R(a@) on [a,b], then (f+ f,) € R(a@) and 
[K+ fda=| fda+| fda 


Proof. Let P = {a = X,,X,,.-.--.X, =b} be any partition of [a,b]. Suppose further that M,,m,,M,,m,and 
M,,m,are the bounds of f,, f, and /,+ f, respectively in the subinterval [x,,,x,]. If @,,a, €[x,_,,x,], 
then 


IA (a) + f,(@)] =i (a) + f,(a)]| 
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<\f(a,)— fila] +1 fq) f(@)| 
< (M)—m)) +(M) =m) 
Therefore, since this hold for all @,,a, €[x,_,,x,], we have 
M, —m, <(M,—m,)+(M; -m)) (1) 
Since f,, f, € R(@), there exists a partition PF and P, of [a,b] such that 
UR fa) LP fia) <5 


(2) 
UP fin@)- LPs fu) <5 


These inequalities hold if PR and P, are replaced by their common refinement P. 


Thus using (1), we have for f= f,+ f,, 


U(P, f.a)-L(P, f,@) =) (M,-m,)Aa, 


<>) (M)-m))Aa, + (M) - maa, 


im i=l 
< a (using (2)) 
=e, 

Hence f=f,+ f, eR(a@). 

Further, we note that 

m,-m, <m,<M,<M,+M, 

Multiplying by Aq, and adding for i =1,2,......,n, we get 

L(P, f,,a@)-L(P, f,,a) < L(P, f,a@) <U(P, fa) 

<U(P, f,a)sU(P, f,a)+U@, f,,a) 


(3) 
Also 


UP, fra <| fda+s (4) 


UP. f,.0)<| fda (5) 
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Combining (3), (4) and (5), we have 


| fda <U(P, f,a) <U(P, fi,@) +U(P, fy.) 


b b 
ee 
< J Ade +| fade ta 5 
Since eis arbitrary positive number, we have 
b b b 
| fdas | fda+ | fda (6) 
Proceeding with (—/,),(—f,) in place of f,and /, respectively, we have 
b b b 
[(-Naa<[(-fjdat | (-f)da 
or 
b b b 
| fda > | fda+ } fda (7) 
Now (6) and (7) yield 


b b b b 


| fda=|(h+fda=|fda+| fda. 


a a a a 


Theorem 4.If f <¢ R(a) and f ¢ R(f) then fe R(a+ P)and 
b b b 
| fd(a+ B)=| fat] fap. 

Proof. Since f €« R(@)and f € K(f), there exist partitions F and P, such that 
UR fa) LPL.) <5 


UP, f.B)-LBf.B)<5 


These inequalities hold if P and P, are replaced by their common refinement P. 
Also 
A(Q; i Bf) = [a(x;) > a(x, ie [B(x;) ~ B(x.) 


Hence, if M, and m, are bounds of / in [x,,,x,], 
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U(P, f (a+ B))-L(P, f.(a+ B)) =>. (M, —m,) Ma, + B,) 


- YM, —m,)Aa, + YM, —m, AB, 


a 
<—+—=e. 
2 
Hence feR(a+ Pf). 
Further 
b 
U(P, f.a)< | fda+= 
‘ 2 
b 
= 
U(P.f,B)<| fap+5 
and 
U(P, f,a+ B)= > MAa,+> MAB 
Also, then 


b 


| fd(at B)<UCP, f,a+ B)=U(P, f,a@)+U(P, f,B) 


a 


< Jia) p+ 


={ fda+| fapre 
Since ¢ is arbitrary positive number, therefore 
fraa+py<| faa+f fap. 
Replacing f by—/, this inequality is reversed and hence 
[pela py={ fas) fap. 


Theorem 5. If f ¢ R(a@)on [a,b], then f e©R(a@)on [a,c] and f ¢R(a@)on [c,b] where c is a point of 
[a,b] and 


[ faa =| flec+| pt. 
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Proof. Since f <¢ R(a), there exists a partition P such that 
U(P, f,a)-L(P, f,a)<e, = 0. 
Let P’ be a refinement of P such that P’ = PU {c}. Then 
L(P3f G)S LP f-0) SU Pf) SUC, fa) 
which yields 
U(P’, f,a)—-L(P*, f,a)<U(P, f,a)-L(P, f,@) (1) 
<e 
Let P and P, denote the sets of points of P’ between[a,c], [c,b] respectively. Then P and P, are 
partitions of [a,c] and [c,b]and P’ = P UP. Also 
U(P’, f,a)=U(P, f,a)+U(P,, f,@) (2) 
and 
L(P’, f,a)=L(P, f,a)+L(P, f,a) (3) 
Then (1), (2) and (3) imply that 
U(P’, f,a)-L(P’, f,a)=[U(P, f,a)- LP, fa) +[UP, fa) - LP, fa) 
<e 
Since each of U(F, f,a)-L(P, f,a) and U(P,, f,a)—-L(P,, f, a) is non-negative, it follows that 
UF, f,a)-L(P, f,@) <e 
and 
U(P,, f,a)-L(P,, f,@) <e 
Hence ff is integrable on [a,c] and [c,}]. 


Taking inf for all partitions, the relation (2) yields 


Sys 


fda>| fde+| faa (4) 


But since f is integrable on [a,c] and [c,b], we have 
b c b 
| fda> | fda + faa (5) 


The relation (3) similarly yields 
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[ fata < | fta+| fda (6) 


Hence (5) and (6) imply that 

b c b 

| fda =| fda+| fda. 
Theorem 6. If f <R(q@), then 


b b 
(i) cof ER(a) and | (cf dar = c| fda , for every constant c, 


(ii) If in addition |f(x)|< K on [a,b], then 


b 


| faa 


a 


< K[a(b)-a(a)]. 


Proof.(i) Let f ¢ R(@)and let g =cf. Then 


U(P,g,a)= > Maa, = > cMAa, 


i=l i=l 


= cM, Aa, 


i=l 
=cU(P, f,@) 
Similarly 
L(P, g,a)=cL(P, f, a) 


Since f e¢ R(a@), 4 a partition P such that for every —>0, 
U(P, f,a)-L(P, fa) <= 
c 


Hence 
U(P,g,a)—-L(P, g,a)=clU(P, f,a)-L(P, f,a)] 
E 
<C.— =e. 
Cc 


Hence g=cf €R(a@). 


b 
Further, since U(P, f,a) < | fla+s ; 


18 


b 
| sda <U(P,g,a) =cU(P, f,a) 


3 {fitaS| 


Since ¢ is arbitrary 


b b 


[ gda<cf fda 
Replacing f by —f, we get 

b b 

[sda>cl fda 


Hence [(chaa = of fda. 


(ii) If M and m are bounds of f € R(a@) on [a,b], then it follows that 
b 
mla(b)—a(a)]< | fda < M{a(b)-a(a)] for b>a 


In fact, if a = b, then (1) is trivial. If b > a, then for any partition P, we have 


mla(b)-a(a)|< yi mda, = L(P, f,a) 


<{ faa 


<U(P, f,a@)=>°M Aa, 


< M[a(b)—a(a)] 


which yields 


mla(b)—a(a)|< [fa < M[a(b)-a(a)] 


Since Ae) <K forall x €(a,b), we have 
-K<f(x)<K 


so if m and M are the bounds of f in (a,b), 
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—~K <m< f(x)<M <K forall x e(a,d). 


If b2>a, then a(b)—a(a) =0 and we have by (2) 
~K[a(b) -—a(a)]< mla(b)-a(a)]< | fda 


< M[a(b)-a@(a)] < K[a(b) -a(a)] 


Hence 


< K[a(b)-a(a)]. 


| fata 


Theorem 7. Suppose f €« R(a) on[a,b], m< f <M, ¢ is continuous on [m,M] and h(x) =¢[ f(x)] on 
[a,b]. Then h € R(a@) on [a,b]. 


Proof. Lete>0. Since ¢ is continuous on closed and bounded interval [m,M], it is uniformly 


continuous on [m,M]. Therefore there exists 6 > 0 such that 6 <e and 
o(s)-0)|<e if |s—d]<6, s,¢€[m,M]. 

Since f e R(q@), there is a partition P = {X),X,,...... ,x,} of [a,b] such that 
U(P, f,a)-L(P, f,a)<o (1). 


Let M,,m, and M,,m, be the lub, glb of f(x) and (x) respectively in [x,,,x,]. Divide the number 


I 


Ve 2 a radse ,n into two classes: 
ie AifM,-—m,<6 
and 


ie BifM,—-m,>6. 


For ie A, our choice of 5 implies that M;—m’ <e. Also, for ie B, M} —m) <2k where k =lub|¢(1) 


> 


t <[m,M ]. Hence, using (1), we have 


5) Aa, <> (M,-m)Aa, <& (2) 
ieB ieB 
so that )’ Aa, <6. Then we have 


icB 


U(P,h,a)— L(P,h,a) = >°(M; —m; Aa, +>) (M; -m; Aa, 


<€[a(b)—a(a)]+ 2k 
<[[a(b)-a(a)|+2k]e€ 
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Since € was arbitrary, 
U(P,h,a)-L(P,h,a)<ée,€>0. 
Hence he f(@). 


Theorem 8. If f ¢R(a)and ge (a) on [a,b], then fg «R(a), 


d, | € (a) and 


f pc 


< {Iflde. 


Proof. Let ¢be defined by A(t) =t’ on [a,b]. Then h(x) = ¢[ f(x)] = f° € R(a@) by Theorem7(in section 
1.3.2). Also 


1 2 2 
Ig =F +8) eC dees ae 
Since f,g eR(a), f+ geR(a),f-geR(a). Then (f+g)and (f-—g)’€R(a)and so _ their 


difference multiplied by “ also belong to R(@) proving that fe = R(a). 


If we take @(/) =|t 


, again Theorem 7 implies that | f]€¢{2(@). We choose c= +1 so that 
c| fda >0 

Then 
| #4 =cf fda =[cfda<||f\da 

because cf <|f]. 


1.3.3. Riemann-Stieltjes integral as limit of sums. In this section, we shall show that Riemann- 


Stieltjes integral | fda can be considered as the limit of a sequence of sums in which M,,m, involved in 


the definition of | fda are replaced by the values of f. 


Definition 1. Let P= {a= x),%,,....... ,x, =b} be a partition of [a,b] and let points ¢,,¢,,......,¢, be such 


that ¢, «[x,,,x,]. Then the sum 


L 


S(P,f.a)= > f(i)da, 


is called a Riemann-Stieltjes sum of / with respect to a. 
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Definition 2. We say that 


lim, S(P, f,a)=A 
If for every €>0, there exists a 6 > 0 such that P| <0 implies 
|S(P, f,a@)- A) <e. 
Theorem 1. If lim, ,, S(P, f,@) exists, then f < (a) and 
b 
limp. S(P.f,@) = | fda. 
Proof. Suppose him), 9 S(P, f, a) exists and is equal to A. Then given ¢>Othere exists a 5 > 0 such 
that IP <0 implies 
€ 
|S(P, f,a) - |< 5 
or 
A-=<S(P,f,a)<A+= (1) 


If we choose partition P satisfying IP <0 and if we allow the points f, to range over [x,_,,x,], taking lub 


and glb of the numbers S(P, f,@) obtained in this way, the relation (1) gives 
E E 
Bet Kal 2) <U(P, f,a)< A 
and so 
ee 
U(P, f,a)-L(P, f, a) < 779 =e 
Hence f € R(q). Further 
E E 
A-S<L(P,f,0)<J fda <U(P,f,0)< Axe 
which yields 
E E 
A-—<| fda<A+— 
2 Jy 2 


Or 


| fda=A=limy  S(P,f,@). 
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Theorem 2. If 


(i) f is continuous, then 
b 
limy 4 S(P, fa) = | fda 
(ii) f €R(a) anda is continuous on [a,b], then 
b 
limp. S(P.f.@) = | fda. 


Proof. Part (i) is already proved in Theorem 1 (ii) of section 1.3.2 of this unit. 


(ii) Let f € R(a@), a be continuous and €> 0. Then there exists a partition P” such that 
UP’ f.a)<f flare (1) 


Now, a@ being uniformly continuous, there exists 6,>0 such that for any partition P of [a,b] with 


|P| < O, , we have 
Aa, = a(x,)-a(x a for all i 
; ‘ "1" " 4Mn 


where n is the number of intervals into which P’ divides [a,b]. Consider the sum U(P, f,a). Those 


intervals of P which contains a point of P’ in their interior contribute no more than: 


7 (n—DeM  e * 
(n—1)max Aa,.M < aay ae < 7 to U(P ,f,@ ) (2) 
Then (1) and (2) yield 
E 
U(P, fa) <| fda eS (3) 


for all P with |P|< 6. 


Similarly, we can show that there exists a 6, > 0 such that 
E 
L(P, fa) > | fda = (4) 
for all P with |P| <6). 


Taking 5 = min{6,,6,}, it follows that (2) and (3) hold for every P such that |P|< 6. 


Since 


L(P, f,a)< S(P, f,a) <U(P, f,a) 
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(3) and (4) yield 


S(P, fa) <f faa+s 
and 
E 
S(P, f, da-— 
(P, f,a) >| fda-= 
Hence 
E 
IS(P, f.a)- J faal< 5 
for all P such that |P| <6 and so 
limy , S(P. f.a) = | fda 
This completes the proof of the theorem. 


The Abel’s Transformation (Partial Summation Formula) for sequences reads as follows: 


Let <a,> and <b, > be sequences and let 


then 
q qz-l 
> 4,5, = >, 4,8, - 2,1) + 4,0, - 4,10, 
n=p n=p 


1.4 Integration and Differentiation. In this section, we show that integration and differentiation are 
inverse operations. 


Definition 1. If f on [a,b], then the function F defined by 
F()=| f()dr, t [a,b] 


is called the “Integral Function” of the function f. 


Theorem 1. If f eR on [a,b], then the integral function F of f 1s continuous on [a,b]. 


Proof. We have 
F()=| f(edx 


Since f ¢, it is bounded and therefore there exists a number M such that for all x in [a,b], 


[fs Mu. 


24 The Riemann-Stieltjes Integral 
Let € be any positive number and c be any point of [a,b]. Then 


cth 


F()=| foodr, F(ct+h)= | fede 


Therefore 


cth € 


|F(c+h)-F(o|= } f (x)dx- | f (x)dx 


cth 


| f (x)dx 


<M|h| 
<e if |Al<—. 
M 


Thus I(c +h) —c| Lo= 7 implies |F(c+ h) —F(c) <e. Hence F is continuous at any point c €[a,b] 
and is so continuous in the interval [a,b]. 
Theorem 2. If fis continuous on [a,b], then the integral function F is differentiable and 


F'(a) =f (2%), xe [a,b]. 


Proof. Let f be continuous at x, in [a,b]. Then there exists 6 >0 for every ¢>0 such that 
IfO-F(%)| <e (1) 


whenever |t—x,|< 6. Let Xy -O< SSX) St<x, +06 anda<s<t<b, then 


Fonte 
t—s 


- fl) - A [fax fC) 
t—s* 


1 | 1 | 
= J f(x)de-— J f (%)dx 


| 
= < — <e, 
t-s 


_[t@)— se, )Ide 
t—s* 


[L/C)- Flax 


(using (1)). 


Hence F'(x,) = f(x,). This completes the proof of the theorem. 


Definition 2. A derivable function F such that F’ is equal to a given function fin [a,b] is called 


Primitive of /. 
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Thus the above theorem asserts that “Every continuous function f possesses a Primitive, viz the integral 


function | St (x)dx.” 


Furthermore, the continuity of a function is not necessary for the existence of primitive. In other words, 
the function possessing primitive is not necessary continuous. For example, consider the function f on 


[0,1] defined by 


ee eee ae 0 
f= x x 
0,x =0 


It has primitive 


5 fa #0 
F(x)= x 
0,x=0 
Clearly F(x) = f(x) but f(x) is not continuous at x=0,i.e., f is not continuous in [0,1]. 


1.5 Fundamental Theorem of the Integral Calculus 


Theorem 1 (Fundamental Theorem of the Integral Calculus). If f € R on [a,b] and if there is a 
differential function F on [a,b] such that F’=/f , then 


[ f@ar= FO)- F(a). 


Proof. Let P be a partition of [a,b] and choose ¢,,(i=1,2,......,.2) such that x,,<¢,<x,. Then, by 


i 


Lagrange’s Mean Value Theorem, we have 
F(x,)- F(x,_,) =(%, -*,_,)F'() =(%,-x,,)f(@) (Since F’=f). 
Further 


F(b)-F(a) = DIF) - Fa) 
= PENG -2) 
=> ftG)Ar, 


b 
and the last sum tends to | I (x)dx as |P| — 0, by theorem | of section 1.3.3, taking a(x) =x. Hence 
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b 
[ f@)de = F()- F(a). 


This completes the proof of the theorem. 


The next theorem tells us that the symbols da(x) can be replaced by a@'(x)dx in the Riemann-Stieltjes 


b 
integral | Jf (x)da(x). This is the situation in which Riemann-Stieltjes integral reduces to Riemann 


a 


integral. 


Theorem 2. If f ¢8Rand a’ eRon [a,b], then f ¢R(q)and 


| fda =| f(a'(x)dx 


a 


Proof. Since f ER, a’ eR, it follows that their product fa'’eR. Let ¢>0 be given. Choose M such 
that |f| <M. Since fa’eRand a’ eR, using Theorem 2(ii) of section 1.3.3 for integrator as x, we 


have 
IX F@a"e)Ax, - f fa'|<e (1). 

if |P|< 6, and x,_, <t,<x,and 
Xa" )Ay, —[a’ 

if |P|<d,andx,_, <1, <x, . Letting ¢, vary in (2), we have 
Ma'(s,)ax, fa’ 


if P| <0o,and x,, <s,<x,. From (2) and (3) it follows that 


<e (2). 


<eE (3). 


» a'(t, Ax, —fa' +fa' - > a'(s,)Ax, 


rs Male )ay, -[a’ +> a'(s, )Ax, -fa' 
<ete=2e 
or 
Yd a'@)-a"(s,)| Ax, <2€ (4). 


if P| 40, and’ x.) SU ex, y Xy Sep Sx 


Now choose a partition P so that |P|<d=min{6,,6,} and choose ¢,€[x,,,x,]. By Mean Value 


i-l? 


Theorem, 
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Aa, = a(x,)—a(x,,) = a'(s, (x, —X.4) 
= a'(s,)Ay, 
Then, we have 
DV fu aa, =V fqaay+Y fe la(s)-a'e lax, 6). 
Thus, by (1) and (4), it follows that 
XM redae,-ffe'|=|P Ga", Ax, -] fa"+D (Glas) -a' 1x, 
<e4+2eM =e(1+2M) 
Hence 
lim yo Df (Ax, = Feat 


or 


} fda = | f (x)al(x)dx. 
Example 1. Evaluate (1) } x°dx’ , (ii) } [x]dx° . 


Solution. We know that 


} fda = | f (x)ar'(x)dx 


Therefore 
2, 2 2 
[ar = [P2ndx = [2x°de 
0 0 0 
4\2 
=2 7 =8. 
0 
and 


fia = ftetexde 


= [lxTxax + flv Pxdx 


2: 
2 
x 


2 
=0+ | 2xdv =0+2 5 
1 


1 


ZT 
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=04+3 = 3, 

We now establish a connection between the integrand and the integrator in a Riemann-Stieltjes integral. 

We shall show that existence of | fda implies the existence of [aap : 

We recall that Abel’s transformation (Partial Summation Formula) for sequences reads as follows: 


“Let <a, > and <b, > be two sequences and let A, =a, +a,+......+a, (4, =0). Then 
q q-l 
>; a,b, a y A, (6, ~ Dis) + Ab, ~ A,_b, Ce 
n=p n=p 
1.5.1 Theorem (Integration by parts). If f <¢R(q@)on [a,b], then ae R(f)on [a,b] and 


[ f@)da(x) = fab) - f(aaa)- [ aaf (x) 


(Due to analogy with (*), the above expression is also known as Partial Integration Formula). 


and take 4, =a, t 


n+l 


partial summation, we have 


n+l 


S(P, f,@)= > fleets) — a(x, )]= f(b)a(b)— f(aa(a)— Dae FG) -fGI 


= f (b)a(b)— flaja(a)-S(Q,a, f) 


since. (5 =a, Self |P| —>0, Q| — 0, then 


S(P, f,a) > | fdaand S(Q,a, f) > | adf.. 


Hence 
[ fda = f(bya(b) - f (aaa) - | adf. 


1.5.2 Mean Value Theorems for Riemann-Stieltjes Integrals. In this section, we establish Mean 
Value Theorems which are used to get estimate value of an integral rather than its exact value. 


Theorem 1.5.2(a). (First Mean Value Theorem for Riemann-Stieltjes Integral). If f is continuous 
and real valued and q@ be is monotonically increasing on [a,b], then there exists a point x in [a,b] such 
that 


| fda = f(lab)-a(a)]. 


Proof. If a(a)=a(b), the theorem holds trivially, both sides being 0 in that case (@ become constant 


andso da =0). Hence we assume that a(a) < a(b) . Let 


M =l\ub f(x), m=glb f(x). a<x<b 
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Then 


ms< f(x)<M 
or 


mla(b)—a(a)]< | fda <M a(b)— a(a)] 


Hence there exists some c satisfying m<c<M_ such that 
b 
| fda = cla(b)-a(a)| 
Since f is continuous, there is a point x €[a,b] such that f(x)=c and so we have 
b 
} f (x)da(x) = f(x)[a(b)- a(a)] 


This completes the proof of the theorem. 


Theorem 1.5.2(b) (Second Mean Value Theorem for Riemann-Stieltjes Integral). Let f be 


monotonic and @ be real and continuous. Then there is a point x €[a,b] such that 
[fa a= f(a)la(x)—a(a)]+ f(o)[ab)—a(x)] 

Proof. By Partial Integration Formula, we have 
[fa a= f(b)a(b)— f(a)a(a) ~fadf 


The use of First Mean Value Theorem for Riemann-Stieltjes Integral yields that there is x in [a,b] such 
that 


| adf = a(x) f(b)— f(@)] 


Hence, for some x €[a,b], we have 
} fda= f(b)a(b)- f(aja(a)—-a(x)[f(6)- f(@)] 


= f(ayla(x) —a(a)]+ f(6)[a(b) — @(x)] 
which proves the theorem. 
1.5.3 We discuss now change of variable. In this direction we prove the following result. 


Theorem 1. Let fand ¢ be continuous on [a,b]. If ¢ is strictly increasing on [a@,/], where 


a= (a), b=9(B), then 
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b B 
[ fedae = | FGO)Ad) 


b 
(this corresponds to change of variable in | J (x)dx by taking x= ¢(y) ). 


Proof. Since ¢ is strictly monotonically increasing, it is invertible and so 


a=$'(a), B=$'(b). 
Let P={a=X),%,,....x, =b}be any partition of [a,b] and Q={a=y,),,.......¥, =f}be the 
corresponding partition of [a, 8], where y, =¢@ '(x,). Then 


AX, = X; —X.4 

= $9)- 9.4) 

=Ag, 

Let for any c, ¢ Ax,, d, e Ay,, where c, € ¢(d,). Putting g(v) = f/[d(y)], we have 
SPA =Y Me dy (1) 

=> fOa)A¢, 
= Ded Ag 
= S(Q, g,9) 


b 
Continuity of f implies that S(P, f) > | I (x)dx as |P| — 0 and continuity of g implies that 


B 
5(O,g,9) > | g(y)dgas|O|> 0. 


Since uniform continuity of ¢ on [a,b] implies that O| — Oas |P| — 0. Hence letting [P| — 0 in (1), 


we have 
b B B 
[ f@)de= | e(v)dd= | FEO) AAy) 


This completes the proof of the theorem. 


1.6 Integration of Vector —Valued Functions. Let /, f,,......,f, be real valued functions defined on 
[a,b] and let f =(f, fy,......, f,) be the corresponding mapping of [a,b] into R*. 
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Let abe monotonically increasing function on [a,b]. If f/eR(@) for i=1,2, 


f €R(a@)and then the integral of f is defined as 


b b 
Thus } fda isthe point in R* whose ith coordinate is | fda. 


It can be shown that if feR(a), geR(a), 


then 

(i)  [(f+g)da=| fda+| eda 

(ii) [da=|fdo+| fda, a<c<b. 

(iii) if fe R(ar), feR(a@,), then feR(a,+a,) 
and 


[ favo, +@,) -{ fo, +f pte, 
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ese ,k, we say that 


To prove these results, we have to apply earlier results to each coordinate of f. Also, fundamental 


theorem of integral calculus holds for vector valued function f. We have 


Theorem 1. If f and F map [a,b] into 8‘, if fe R(a)if F'= f, then 


[ f@dt = F()- F(a) 


Theorem 2. If f maps [a,b] into R“ andif f € R(a) for some monotonically increasing function @ on 
Pp M4 


[a,b], then |f| € R(a)and 


[ fata 


a 


b 
<||flda. 


Proof. Let 


Then 
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Since each f,<¢ R(a), the function f° ¢ R(a) and so their sum f,’+......+ f7 € R(a@). Since xis a 


continuous function of x, the square root function is continuous on [0,M] for every real M. Therefore 


|f|eR(@). 
Now, let y=(),,)p,----Y,), where y, =| fda, then 


y= J fle 


and 
bt =D =dy,] fae 
=|(Sy.fda 


But, by Schwarz inequality 


DRAG ESYIPAG) 


.(a<t<b) 
Then 
Wh srl f|flae (1) 


If y =0, then the result follows. If |y| #0, then divide (1) by |y|and get 


bls lflde 


or 


| fata 


<(Iflaa. 


1.7 Rectifiable Curves. The aim of this section is to consider application of results studied in this 
chapter to geometry. 


Definition 1. A continuous mapping y of an interval [a,b] into R* is called a curve in R*. 
If y:[a,b]—> R* is continuous and one-to-one, then it is called an arc. 
If foracurve y:[a,b]—> R‘ , 
y(a)= (6) 
but 
V(t.) # v(t) 
for every other pair of distinct points ¢,,¢, in [a,b], then the curve y is called a simple closed curve. 


Definition 2. Let f :[a,b] > R‘ be a map. If P= {x,,%,,.....x,}is a partition of [a,b], then 


> 


V(f,4,b)=lub | f)- fa.) 
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where the lub is taken over all possible partitions of [a,b], is called total variation of fon [a,b]. The 


function f is said to be of bounded variation on [a,b] if V(f,a,b)<-+0. 


Definition 3. A curve y:[a,b]— R’* is called rectifiable if y is of bounded variation. The length of a 


rectifiable curve y is defined as total variation of vy, 1.e., V(yv,a,b). Thus length of rectifiable curve 


y =lub > |y(x,)—(~,,)| for the partition (a = x, <x, <....< x, =). 


i=l 


The i term |y(x,)—y(x,,)]in this sum is the distance in R* between the points y(x,,)and 7(x,). 

Further Vly) -7@.)| is the length of a polygon whose vertices are at the points 
i=l 

V(X), V(X )o- V(X, )- AS the norm of our partition tends to zero, then those polygons approach the 


range of vy more and more closely. 


Theorem 1. Let y be acurve in R‘. If y’ is continuous on [a,b], then y is rectifiable and has length 
b 


Proof. It is sufficient to show that ih =V(y,a,b).So, let {x),.....x, } be a partition of [a,b]. 


y'(t)\dt . 


Using Fundamental Theorem of Calculus for vector valued function, we have 


Yre)-re1=¥ 


i=l 


j y'(t)dt 


XA 


ay ( ly) dt 


i=l 
Xi 


j 


y'(t)\dt 
Thus 


V(y,a,b) < | |r" (1). 


To prove the reverse inequality, let ¢ be a positive number. Since 7’ is uniformly continuous on [a,}], 


there exists 5 >0 such that 


y'(s)-y'O|<e, if |s—]<6. 


If mesh (norm) of the partition P is less than 5 and x 


1 <t<x,, then we have 


VO|s|y'@I+e, 
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so that 


j \y'(Oldt- € Ax, < 


Xj-4 


y'(x,)| Ax, 


[ ’'O+7'@)-/ Olde 


< + 


i y'(t)dt 


[0-1 Old 


= vx) -9(%,.)|+ e Ax, 
Adding these inequalities for i =1,2,....,.n, we get 


b 


J 


a 


/ Olds |%)-r(x,.)|+ e-a) 


=V(y,a,b)+ eE(b-a) 


Since ¢ is arbitrary, it follows that 
Combining (1) and (2), we have 

b 
Hence the length of y is | 


a 


y'(0)| dt <V(y,a,b) (2). 


y'(t)\dt =V(y,a,b) 


y'(t)|dt . 
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2.0 Introduction 


In this unit, we will consider sequence and series of functions whose terms depend on a variable. 
Uniform convergence of sequence or series is a concept of great importance in its domain. With the help 
of tests for uniform convergence, we will naturally inquire how we can determine whether the given 
sequence or series does or does not converge uniformly in a given interval. The Weierstrass 
approximation theorem describes that every continuous function can be “uniformly approximated” by 
polynomials to within any degree of accuracy. 


2.1 Unit Objectives 
After going through this unit, one will be able to 
e learn about pointwise and uniform convergence of sequence and series of functions 
e examine uniform convergence through various tests for uniform convergence. 
e study uniform convergence and continuity. 
e understand importance of Weierstrass approximation theorem. 
2.2 Sequence and Series of Functions 


Let f, be a real valued function defined on an interval I (or on a subset D of R ) and for each ne N,, then 
<f}, foy......... Pa ois >is called a sequence of real valued functions on I. It is denoted by {f,} or <fp>. 
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If <f,> is a sequence of real valued functions on an interval I, then f+ fo+......... abntaasete is called a 
series of real valued functions defined on I. This series is denoted by >. f, or simply Dy . That is, we 
n=l 


shall consider sequences whose terms are functions rather than real numbers. These sequences are useful 
in obtaining approximations to a given function. 


2.3 Pointwise and Uniform Convergence of Sequences of Functions 


We shall study two different notations of convergence for a sequence of functions: Pointwise 
convergence and uniform convergence. 


Definition 1. Let A CR and suppose that for each n € N there is a functionf, : A—R. Then(f,) is 
called a sequence of functions on A. For eachx € A, this sequence gives rise to a sequence of real 


numbers, namely the sequence (f, (x)) ; 


Definition 2. Let A cRand let (f,) be a sequence of functions on A. Let A, C Aand suppose 


f:A,)—R. Then the sequence (f,) is said to converge on A, to f if for eachx € A,, the sequence 


(f, (x)) converges to f(x) in R. 
In such a case f is called the limit function on A, of the sequence (f, ). 


When such a function f exists, we say that the sequence (f,) is convergent on A, or that (f,) 


converges pointwise on A, to f and we writef (x) = lim... f, (x), xEA,. 


Similarly, if (x) converges for every x € A,, and if f(x) - ae f (x) , x €A,. The function f is 


n=! 


called the sum of the series he 


The question arises: If each function of a sequence (f, ) has certain property, such as continuity, 


differentiability or integrability, then to what extent is this property transferred to the limit function? For 
example, if each function f, 1s continuous at a point x,, is the limit function f also continuous at x, ? In 


general, it is not true. Thus, pointwise convergence is not so strong concept which transfers above 
mentioned property to the limit function. Therefore some stronger methods of convergence are needed. 
One of these methods is the notion of uniform convergence: 


We know that f, is continuous at x, if lim... f (x) 7 (x,).On the other hand, 


fis continuous at x, if lim, ,. f (x) =f (x,) (1) 
But (1) can be written as 


lim, lim,,.,.f,(x)=lim,,,. lim... f, (x) (2) 
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Thus our question of continuity reduces to “can we interchange the limit symbols in (2)?” or “Is the 
order in which limit processes are carried out immaterial “. The following examples show that the limit 


symbols cannot in general be interchanged. 


Example 1. A sequence of continuous functions whose limit function is discontinuous: 


Let 
xn 
f, (x)= Fe SN MG 2 yn hieaeg 
We note that 
0 if |x|<l 
lim,, ,.. f, (x) =f (x) = : if |x|=1 
1 ie | xed 


Each f, is continuous on R but the limit function f is discontinuous at x = 1 and x = -1. 
Example 2. A double sequence in which limit process cannot be interchanged: 
For m=1, 2,...., 


n= 1, 2,3,..., let us consider the double sequence 


m 
a a . 
m+n 
For every fixed n, we have 
lim, <0 Sam =! 
and so 


On the other hand, for every fixed m, we have 


1 
lim, 0 Sm = lim,.,.. as 0 
1+— 
m 
and so 
lim, 50 HWM, 6 Sam = 9 
Hence lim, ,.o HWM, 40 Sam * WM, 0 HM, _,.. Sian 
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Example 3. A sequence of functions for which limit of the integral is not equal to integral of the 


limit: Let 


and so 
1 
[£Cx) dx =0. 
0 
1 1 
But (fe) dx =n? [x(1-x)" dx 
0 0 
n? n° 
= n+l n+2 
n 
~ (n+1)(n+2) 
1 
and so lim, ,. J f(x) dx =1 
0 
1 1 
Hence lim, ,.. | £, (x) dx # [ (im, ,.. f, (x) dx. 
0 0 


Example 4. A sequence of differentiable functions {f,} with limit 0 for which {f, } diverges. 


Let 


a6 es if xeER, n=1,2, 


n 


Then lim, ,.. f, (x) =0 for all x. 
But f\ (x) = vn cosnx 


n 


and so lim, f, (x) does not exist for any x. 
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Definition 3. A sequence of functions {f } is said to converge uniformly to a function f on a set E if for 


n 


every > 0 there exists an integer N (depending only on ¢) such that n > N implies 


f,(x)-f(x)/<e for allxeE (*). 


Geometrical Interpretation of uniform convergence: 


If each term of the sequence (f,) is real-valued, then the expression (*) can be written as 
f(x)-e<f, (x) <f(x)+e for all n> N and for allx €E. 


This shows that the entire graph of f, lies between a “band” of height 2¢ situated symmetrically about 
the graph of f. 


Definition 4. A series De (x) is said to converge uniformly on E if the sequence {S,} of partial sums 
defined by S, (x) = }’f, (x) converges uniformly on E. 
i=l 


Theorem 1. Every uniformly convergent sequence is pointwise convergent but not conversely. 


Proof. Let {f,} be a sequence of functions which converges uniformly to f on E. 


For given ¢ > 0 , there exists a positive integer N (depending only on ¢) such that 


fO)=f ()|\<e forall oN - cesses (1) 
Since (1) is true for all xe E. 


f,(x)-f(x)<e for all n> N 


is true for every xEF, 
Hence f,, converges pointwise to fon E. 


The converse is not true which is shown by following example. 
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Example 5. Consider the sequence < f, > defined by 


Then, f(x) =lim f,(x)=lim =0 


Hence, < f, > converges pointwise to 0 forall O<x<l. 


Let ¢ >0 be given. Then for convergence, we have 


filx)— Sx] <e,n>ny 


or SOE 5 HN: 
nx +1 
or mE. 
nx +1 
1 
or =< 
nx 
1 
or n> 
é 
or n>, 
XE 


: ; 1 
If n, is taken as integer greater than — , then 
XE 


f,,(x)— f(x) |<e for all n>n). 
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Since n, depends bothon ¢ & x in(0,1),so f, does not converge uniformly on (0,1). 


Example 6. Consider the sequence (S,) defined by S, (x) = : 
xX+ 


S(x)=limS, (x) = lim 


n-o no x + nN 


=0 


For the convergence, we must have 


S, (x)-S(x)|<e , n>n, 


or -0 


Ge ge TES. 
X+n 


in any interval [a, b], a > 0. Then 
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l 
or <é 
x+n 
1 
or xtn>— 
€ 
1 
or n>—--x 
€ 


If we select n, as integer next higher to Z , then (1) is satisfied for m(integer) greater than z which 
€ € 
does not depend on x € [a,b]. Hence the sequence (S,) is uniformly convergent to S(x) in [a, b]. 


Example 7. Consider the sequence (f,,) defined by 


x 
f, (x)=. x20 


Then 


f(x) = lim —— =0 forall x >0. 
noe ]+nx 


Then (f,) converges pointwise to 0 for all x 20. Let ¢ > 0, then for convergence we must have 


a 


n 


(x)-f(x)/<e,n>n, 


or 


—O)<e,n>n, 


1+ nx 


Xx 


<eE 
1+nx 


X <E€+NXE 


NXE > X—-€E 


: 1 
If n, 1s taken as integer greater than —, then 
€ 


ii 


n 


(x) - f(x) <eé, forall n>n, and forall xe [0, 20) 


Hence (f,) converges uniformly to f on|0,00) : 
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Example 8. Consider the sequence (f,) defined by 


f (ex, Q<x<1 


n 


Then 


f. (x) =linx = 


noo 


0 if 0<x<l 
if x=1 


Let ¢ > 0 be given. Then for convergence, we must have 


f, (x)-f(x)| <é, n>n, 
or x" <€ 
ok 
or —| >- 
Xx € 
ie 
or n> : ; 
log — 
foe 
Thus we should take n, to be an integer next higher to ‘i . If we take x = 1, then m does not exist. 
log — 
x 


Thus the sequence in question is not uniformly convergent to f in the interval which contains 1. 


Definition 5 (Point of non-uniform convergence). A point which is such as the sequence is non — 
uniformly convergent in any interval containing that point is called a point of non—uniform convergence. 


In the following example x = 0 is a point of non-uniform convergence. 


Example 9. Consider the sequence (f,) defined by f, (x) = aoe O<x<a. 
+n’x 


Then ifx=0,then  f, (x) =0 


and so f(x)=lim,,., f,(x)=0. 
If x #0 , then 
; nx 
f(x)=lim, ,.. f, (x) =lim, aaa 0. 


Thus f is continuous at x = 0. For convergence, we must have 


i 


n 


(x)-f (x) £50 WS Ny. 
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= <é 
or ——~ <6. 
1+n’x’ 
nx 
or 1n’x? —— > 0: 
& 
1 171 
or nx > —+— tetas 
2e 2NVeE 


Thus we can find an upper bound for n in any interval 0 < a < x <b, but the upper bound is infinite if the 
interval includes 0. Hence the given sequence is non-uniformly convergent in any interval which 
includes the origin. So 0 is the point of non-uniform convergence for this sequence. 


Example 10. Consider the sequence (f,) defined by 


f (x)=tan™ nx, O<x<a. 


n 


Then 
TU : 
aime ajs Or, 
0 if x=0 


Thus the function is discontinuous at x = 0. 


For convergence, we must have for ¢ > 0, 


f,, (x)-£(x)|<e, n>n, 
1 -l 
or —-—tan nx<é 
2, 
or cot nx <¢ 
or nx > 
tan é 
1 (1 
or n> — 
tane\ x 


Thus no upper bound can be found for the function on the right if 0 is an end point of the interval. Hence 
the convergence is non-uniform in any interval which includes 0. So, here 0 is the point of non-uniform 
convergence. 


Definition 6. A sequence {f, \ is said to be uniformly bounded on E if there exists a constant 


n 


M > 0 such that f, (x)| <M for all x in E and all n. The number M is called a uniform bound for{f, } : 
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For example, the sequence (f,) defined by f, (x) =sinnx, x € Ris uniformly bounded. Infact, 


f 


n 


(x)| = |sin nx| <1 forall x ER and forall neN. 


If each individual function is bounded and if f, — f uniformly on E, then it can be shown that {f, } is 


uniformly bounded on E. This result generally helps us to conclude that a sequence is not uniformly 
convergent. 


2.4 Cauchy Criterion for Uniform Convergence 


We now find necessary and sufficient condition for uniform convergence of a sequence of 
functions. 


Theorem 1 (Cauchy criterion for uniform convergence). The sequence of functions {f, \ , defined on 
E, converges uniformly if and only if for every ¢>0 there exists an integer N such that 


f,(x)-f, (x)| <e, 


Proof. Suppose first that (f,) converges uniformly on E to f. Then to each ¢ > 0 there exists an integer 
N such that n> N implies 


m>N,n>N,xeE imply 


f. 


n 


(x) —f(x)| < . for all x EE 
Similarly for m > N implies 


f. 


m 


(x)-f(x)|< = for all x €E 

Hence, for n > N, m>N, we have 

f, (x)-£,, (x)| =|f, (x) f(x) +f(x)-£, (x) 
<|f, (x)-f(x)]+]f, (x) +£(x)| 


<e/24+6/2=¢6 forall xcE 


Hence the condition is necessary. 


Conversely, suppose that the given condition holds. Therefore {f,(x)} 1s a Cauchy sequence in R for 
each x € E. Since R is complete, it follows that {f,(x)} converges to some value f(x), foreachx € E & 
{fn} converges to f pointwise. We need only to show that the convergence is uniform. to show this let 
€ >0 be given, then by hypothesis, no € N (depending only on ¢ ) such that 


f, (x) —f., (x) <&, 
Let n be fixed and let 71 — ©, then we have 


f. 


n 


n,m>Nand xeE 


(x)-f (x)|<e V xekE 


Hence f, — f uniformly on E. 
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We now find necessary and sufficient condition for uniform convergence of a series of functions. 


Theorem 2 (Cauchy criterion for uniform convergence). A series of real functions > f,,, each 


defined on a set X converges uniformly on X iff for every €>0,4 n, €N (depending only on é) 


such that 
Pot 0) tea (2) Pecos + fram (X)|<é forn>n,,m>1,xeX. 
Proof. Let S,(x)= f,(x)+ fo (x) 4 cece + f,(x),VxeX bea partial sum 
poe Ata AC. tea ere +f,(x), xEeX 
i=l 


so that {S',(x)} is a sequence of partial sums of the series Ds f,, . Now the series 3 J, is uniformly 
n=l 
convergent iff the sequence {s, } is uniformly convergent. 


i.e., for given € > 0,4 a positive integer m such that n > m 


oe (x) S, (x) © Gyn = WD eters [By Cauchy criteria of uniform converge of sequence] 


S154 (x)+ ae (x)+ aba Ronae pee ee (x) EDS eatic 


This completes the proof of Cauchy’s Criteria for Series. 
2.5 Tests for Uniform Convergence 


In this section, we study M,-test, Weierstrass M-test, Abel’s Test and Dirichlet’s Test for uniform 
convergence and some examples which emphasis on the applications of these tests. 


Theorem 1. Supposelimf,(x)=f(x), x€E and let M, =lub/f, (x)—f(x)]. Then f, — f uniformly 


on E if and only if M, > 0 as n > o. (This result is known as M, - Test for uniform convergence) 


Proof. We have 
lub|f, (x)—f(x)J=M, +0 asn—. 
Hence lim|f, (x)-f(x)|=0 forall x eE, 


no 


Hence to each ¢ > 0, there exists an integer N such thatn >N, x € E imply 


f, (x)-f(x)|< E 


Hence f, — f uniformly on E. 
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Example 1. By using M, — test, show that the sequences {/,} where 


nx ; ; ee 
hi (x) = ae is not uniformly convergent on any interval containing 0. 
+n 
: nx 
Solution. Here (x)= lim f, (x)= lim ———; 
no no J 4 nx 


; x/n 
ae = 
noo] /no +x 


Thus the sequence { ji \ converges pointwise to the function f identically 0. 


Noi = an OIG) 
xe[a,b] 
ee oe J er ec ae 
elt 12x? el 12x 


. nx bed 
Let us find the maximum value of cae by second derivative test. 
+n" x 


nx 
EI ee 
(x)= (1 +n’x? evans 
(1 +n°x ) 
Put ¢'(x)=0. 


Then we have, (1 +n°x? \n - nx(2n?x) =0 


(1 + nx”) = x(2xn") 


QD! D2. De id. 
1=2x°n -n’ x’ >l=n'x 


ge al 
Sx Sz > x=t- 
n n 
1 1 
or x=—or-— 
n n 


Also, 
(1 +n°x? y n (—2n’x) —n (1 - nx”) (4n?x + An‘x*) 
(1 +n°x? y 
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7 —2n°x(1 +nx? y - n(l - nx? )(4n°x + 4n*x’) 


(1 +nx? y 
1 : : 1 
At x=—, g"(x)<0. Therefore d(x) is maximum when x =—. 
n n 


si 
Also (2) = 


Thus we take an interval [a,b] containing zero ,then 


M,, = sup f,(x)-F(x)|= su =>. 


p 
xe[a,b] xe[a,b] 


l+n’x’? 
which does not tend to zero as n > ©. 
Hence by M, — test the sequence { f. \ is not uniformly continuous in any interval containing zero. 


Example 2. Show that the sequence {f, }, where 


f,(x) 


Solution. Here pointwise limit is 


7 converges uniformly on R. 


1+nx 


, Xx 
f(x)=lim =O. Ver: 
Let (x)= fulx)- f(x) =. 
+ NX 


For maximum & minimum of d(x) , we have 


1+nx? —2nx’ 


¢'\x)=0 > ————— =0 
( ) (14 nx?) 
l—nx? 1 
=> ——_ =0>1-m’ =0> x=+—. 
(1+nx?) Vn 


Now, 9'(x)= Looe vem oo 
(1+ nx’) (1+ nx’) (1+nx’) 
1 2 
- (I+m?) " (4n) 
ways 2nx 8nx 
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Put x =—=, 


ln 1 


Hence max. p(x) = 


~Ltn(i/n) 2vn" 


Thus M,, =sup|f,(x)- f(x) 
xeR 
= cd _ =< = | 
mph Yoasglel= 


Also so lim M, = lim =0 


no D n 


Hence by M, — test, the sequence {/,(x)} uniformly converges on R. 


Example 3. Show that 0 is a point of non — uniformly convergent of the sequence {f,(x)}, where 


f,(x)=nxe™;x 20. 


Solution. Here pointwise limit, 


f(x) =lim f, (x)= limnxe™ [= form} 
no no (oe) 
By L’ Hospital rule, we get 
= lim =0 
n>o xe” 


For maximum & minimum value of d(x) , where 


O(x) = f,(x)- f(x) = nxe™ 


¢'(x) = nx(- ne” )+ ne” 


2 = —nx 
Now ¢'(x)=0=>-n’xe™ +ne” =0 
a /{ | 
Nr 2 ,-mx ee Wee 
—nve n 
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2 -nx 


=n*xe™ —2n’e 
| 11 2n? 2 
é( Jw. See 
n ne e e 


. . 1 
a d(x) =—ve i.e., maximum at x = — 


n 
Pig 7 
Hence max. of ¢(x)=n.—e! =-. 
n e 
Thus M, =sup|/, (x)- f(x) 
xeR 
= suplnxe™ — 0) = supld(x) = 2 
xeR xeR e 
So limM, = fe - #0 
no n>o e e 


Hence by M, — test, the sequence of function is not uniform convergent on R. 


Weierstrass contributed a very convenient test for the uniformly convergence of infinite series of 
functions. 


Theorem 2 (Weierstrass M-test). Let (f,) be a sequence of functions defined on E and suppose 
lf, (x)| <M, (xe€E,n=1, 2, 3,...... ), where M_,, is independent of x. Then ye converges uniformly 


as well as absolutely on E if >M, converges. 


Proof. Absolute convergence follows immediately from comparison test. 


To prove uniform convergence, we note that 
De ‘, (x) a > f, 
i=l i=l 


(x) + f,42 (x) +....+£, (x) 


<M,,,+M,,,+...+M,. 


S,,(x)-S, (x)|= 


f 


n+l 


But since > M, is convergent, givens > 0, there exists N (independent of x) such that 


[Maa + Maio +---+M,, |<, n >N. 


Hence 


S,, (x)-S, (x)|<e, n>N, xeE 


50 Sequence & Series of Functions 


and so Fe (x) converges uniformly by Cauchy criterion for uniform convergence. 


. ~acosnd 
Example 4. Consider the series LL . We observe that 
n=l 
cosn0 gas 
n? am” 
Syed’. 4 : ; ; cos nO 
Also, we know that De is convergent if p > 1. Hence, by Weierstrass M-Test, the series » : 
n=] 0. n 
_ . wosinnd 
converges absolutely and uniformly for all real values of 8 if p> 1. Similarly, the series »» : 
n=l n 


converges absolutely and uniformly by Weierstrass’s M-Test. 
Example 5. TakingM, =r", 0 <r < 1, it can be shown by Weierstrass’s M-Test that the series 
i: cosnd, a sin nd, =r cos’ nd, Sr sin’ nO converge uniformly and absolutely. 


Example 6. Consider)" = , xXeER. 


n=l n(1+nx’) 


We assume that x is positive, for if x is negative, we can change signs of all the terms. We have 


f(x) = —_* and f,'(x)=Oimplies nx” = 1. Thus maximum value of f, (x) is ae 
n(1+nx ) 
Hence f,(x)< = 
n = on?” 


’ Mh as . ae = er 
Since De is convergent, Weierstrass’s M-Test implies that ~ is uniformly convergent 


ne? nel n(I +nx? ) 
forall xER. 
Example 7. Consider the series ——— xE€R. We have 
nl (n +x? 
x 
t; (x) = a2 
(n+x’) 
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x? +n? +2nx” —4nx’ —4x* =0 
n’? —2nx? —3x* =0 


3x*+2nx* —n’? =0 


om i 
X° = — or X=,|-. 
3 3 


Also f, "(x) is negative. Hence maximum value of f, (x)is S Since dis is convergent, it 


follows by Weierstrass’s M-Test that the given series is uniformly convergent. 


00 n a) 2n 
a,x a,x 
Example 8. The series ys =; and 3 
n=l 1 i n=l = 


converge uniformly for all real values of x and Ya, is absolutely convergent. The solution follow the 


same line as for example 7. 


Lemma 1 (Abel’s Lemma). If v,, v,,...., v,, be positive and decreasing, the sumu,v, + u,v, +....+U,V, 
lies between Av, and Bv,, where A and B are the greatest and least of the quantities 


Uj, Uy FU, Uy FU, FUs ye Uy FU, Ho FU, 


Proof. Write 
S, =u, +u,t+....+U,. 


Therefore 


Hence 
n 
duwy; SUV) FUjVp Pot U,V,: 
i=l 


=S,v, +(S, -S,)v, +(S, -S,)v3 +... +(S 


Sin 


=§S,(v, -v,) +8, (v. -v;)+...+8.4 (Vina -Va)} +8,¥, 


n-l 
<A(v,-V, +V,—V; +..+V,4—V, +V, ): 
= Ay,. 

Similarly, we can show that 


n 
uy, > Bv,. 
i=l 


Hence the result follows. 
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Theorem 3 (Abel’s Test). The series )"u,, (x)v, (x) converges uniformly on E if 


n=l 


(1) {Vn (x)} is a positive decreasing sequence for all values of x € E 
(i1) ya (x) is uniformly convergent 
(iii) v, (x) is bounded for all x EE, ie., v,(x)<M. 


Proof. Consider the series yak (x)v, (x), where 1Vn (x)} is a positive decreasing sequence for each 


x € E. By Abel’s Lemma 


U, (x)v, (x)+Uyy (X)Vaut (x) ein UL, (x) Vin (x)| <Av, (a); 
where A is greatest of the magnitudes 
u, (x) 


Clearly A is function of x. 


ey geeeeg 


w, (x) +4 (XK)... (X)+ Uy (X)+...+0,, (x). 


Since pas (x) is uniformly convergent, it follows that 


u, (x) + Ua (x) +e, (x)| < vi foralln>N, xeE 


andso A< ni for all n > N (independent of x) and for all x €E. Also, since {Vi (x)} is decreasing, 
Vi (x) <V, (x) <M since v, (x) is bounded for all x € E 


Hence 


u, ()v, (&)+ Uys (X) Van (x) +..+, (X)¥,, (x)) <8 


forn>N andall x €E and so Yu, (x)y, (x) is uniformly convergent. 


n=l 


Example 9. Consider the series 


00 (-1)" xn 
2, n? 14+x7" 


(-1)' 


We note that if p > 1, then yy : 
n 


is absolutely convergent and is independent of x. Hence, by 
Weierstrass’s M-Test, the given series is uniformly convergent for all x ER. 


1 
If 0<p<1, the series » 2 
n 


is convergent but not absolutely. Let 
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v, (x) ES 


By ee oe 
Then (v, (x)) is monotonically decreasing sequence for |x| < 1, because 


2n 2n+2 


x x 
Vn Gs ae are (x) = lox [4x2 
x28 (1-x’) 
— + 
(1+x7")(1+x7") (+ve) 
ge 
Also v,(x)= mee 1: 
x 
-1)' x 


Hence, by Abel’s Test, the series > 


a a Lex 


is uniformly convergent for 0<p<1 and |x|<1. 


: : x" a : 
Example 10. Consider the series > Ass ae under the condition that ya, is convergent. Let 
+X 


v, (x)= 5 
Then 
C9 Mea Gis 
Vou (x)  x(1+x"") 
and so 


v, (x) i (1-x)(I-x°"") 
Vai (X) x(1+x*") 


which is positive if 0 <x < 1. Hence v, >v,,, and so (v, (x)) is monotonically decreasing and positive. 


n+l 


S ; is bounded. Hence, by Abel’s test, the series ) ais 
+X 1+x 


in (0, 1) if Ya, is convergent. 


x" 


Also v, (x) = i is uniformly convergent 


2n 


nx" '(1—x) e 
Example 11. Consider the series ya; i under the condition that a is convergent. We 
ae. 
have 
nx" (1—x) 


v, (x)= 


1-x" 


Then 
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Vn (x) - n 1 es xn! 
Vici (2) (n+1)x (I1—x") 


Since 


—> 0 as n> o, taking n sufficient large 


n 
(n+1 
wo), (128%) 

Vou (X) Ux") 


Hence <v,(x)> is monotonically decreasing and positive. Hence, by Abel’s Test, the given series 
converges uniformly in (0, 1). 


>1if0<x<l. 


Theorem 4. (Dirichlet’s Test for uniform convergence). The series > u, (x)v, (x) converges 
n=! 


uniformly on E if 
(1) {Vi (x)} is a positive decreasing sequence for all values of x €E, which tends to zero 
uniformly on E 


(11) pai (x) oscillates or converges in such a way that the moduli of its limits of oscillation 
remains less than a fixed number M for all x EE. 
Proof. Consider the series Yun(x)vnx) where {Va (x)} is a positive decreasing sequence tending to 


n=l 


zero uniformly on E. By Abel’s Lemma 
u, (x)v, (x) +U, 4, (X) Vay (KX) +... 0, (X)V,, (x)| < Av, (x), 
where A is greatest of the magnitudes 

u, (x)}, fu, (x)+u,., (x) 


and A is a function of x. 


, yeees {Uy (X) +0, (X)+...4+U,, (x)| 


Since yu, (x) converges or oscillates finitely in such a way that <M forall xeE, 


De, (x) 


therefore A is less than M. Furthermore, since v, (x) — 0 uniformly as n>, to each ¢ >0 there 


exists an integer N such that 
VA) for alln>N and all xe E. 


Hence 


u, (X)V, (X) + Uys (X) Var (X) +. +O, (X) Vn (x)| < ve M=e 


for alln >N and x €E and so Yunlx)vnlx) is uniformly convergent on E. 


n=l 
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Another way of Dirichlet’s Test for uniform convergence with proof. 


Statement. If \V,, (x)} is a monotonic function of x for each fixed value of x in [a,b] and Vv, (x)} 


converges uniformly to zero for a < x <b and if there is a number M > 0 s.t. 
DY, (x) 
r=l 


Proof. Since {V,(x)} converges uniformly to zero thus for any € > 0,4 an integer N (Independent of x) 


s.t. for all x [a,b] 


<MYn&xe [a, b] , then the series aA (x)U (x) is uniformly convergent on [a,b]. 


Let S, =SU,(x)vn & x e[a,b| 


r=! 


so that IS, (x)|<MVn (tacpans i bossetva sy (2). 
Now consider > V, (xU, (x) =Vi4 (x)U ae (x) Pdsicconsyiie ae (xU,,, : (x) 


r=n+1 


= Vow (x [Si 7. S,, }+ Ves (x [S42 oe rope |+ SEES ESS + Vies (x)[ S,.p =. Sica | 


=V,,{x)S, +[ Fras (Viner (8) | Spat Fovvessseee +| Vases ()—Vosy %) | Serpa + Vary (4) Snap 


= FLV) Fos OV. 6) Fass DS, O)+Foep OVSuin) 


Vets (x) ls, (x) + 


Ve (x) 


= s Vv (x)U, () < Ly ()-V.4 (IS. (2+ S,,, (2) 


n+ p-l € € 
< De IV. &)-Vn (eM +7 Mtg MV nN (By (1)&(2)) 


= MW (2) Fae (0)) +4 
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n+p 


Hence by Cauchy Criteria, the series DV, (xU, (x) converges uniformly on [a,b]. 


r=n+l 


YU, (x) 


r=l 


Remark 1. The statement <KVxe [a,b] & Vn is equivalent to saying that the sequence of 


partial sum of series U: (x) is bounded for each value of x € [a,b] i.e, for every point x, [a,b], 


SU, (x 


r=l 


there is a number k, such that ys k, and there exists a number k such that k<kVi. 


This fact is also stated as the partial sum of the series is uniformly bounded. 


This, in turm is equivalent to saying that the series Yu, (x) either converges uniformly or oscillates 


finitely. 
So Dirichlet’s test can be states also as “If V, (x) is a monotonic function of n for each fixed value of x 


in [a,b] and V, (x) converges uniformly to zero for x € ah and if dU, (x) either uniformly converges 
to zero or oscillates finitely in [a,b]. Then the series > V(x} 9 U,, (x) is uniformly convergent on [a,b]. 


Sin 
Example 12. Prove that the series > — anes and pS ar i 


converges uniformly for all values of p > 0 
in an interval [a,22 = a| for 0<a<z. 


Solution. When, p > 1 , By Weierstrass M-test at once prove both the series uniformly converge for all 
values of @. 


When 0<p<l, U,=Cosr@ 
Take b, ==. and U,, =Cosn@ or (Sinn@) 
n 


Then by Dirichlet’s test —,_ Is positive and monotonic decreasing and uniformly tending to zero with 
n 


= |Cosg + COS2D + vverccscsnees + Cosng| 


Sinn uy ie (Ist.angle + Last.angle) 


sin? 2 
Sinn, Cos P29) 

i 2 
sin? 


< Co sec 9, Vn Cy \Sinng < l|and \Cosp< l)). 
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Thus all the conditions of Dirichlet’s test are fulfilled and the series yo and ps 
n n 


converges on [ar,27 — a| f 
2.6 Uniform Convergence and Continuity 


We know that if f and g are continuous functions, then f + g is also continuous and this result holds for 
the sum of finite number of functions. The question arises “Is the sum of infinite number of continuous 
function a continuous function?”. The answer is not necessary. The aim of this section is to obtain 
sufficient condition for the sum function of an infinite series of continuous functions to be continuous. 
Theorem 1. Let (f,) be a sequence of continuous functions on a set E Cc R and suppose that (f,) 
converges uniformly on E to a functionf : E > R. Then the limit function f is continuous. 

Proof. Let c ¢ Ebe an arbitrary point. If c is an isolated point of E, then f is automatically continuous at 
c. So suppose that c is an accumulation point of E. We shall show that fis continuous at c. Since f, > f 


uniformly, for every ¢ > 0 there is an integer N such that n > N implies 


f. 


n 


(x)-f(x)<5 forall x EE. 


Since f,, is continuous at c, there is a neighbourhood S, (c) such that x eS, (c)  E(since c is limit 


point) implies 


By triangle inequality, we have 


If (x) —f(c) =|f(x)-fy (x) + fy (x)- £4 (c) + fy (c)- £0) 


Hence 
If (x)-F(c) <e,xES.(e)OE 
which proves the continuity of f at arbitrary point ce E. 
Remark 1. Uniform convergence of (f,) in above theorem is sufficient but not necessary to transmit 


continuity from the individual terms to the limit function. For example, let f, :[0, 1 — Rbe defined for 


n2=2 by 
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n°x for 0<x<— 
n 
LAs)S -1'(x-2) fot —23s— 
n n 
0 for Ody 
n 


Each of the function f, is continuous on [0, 1]. Also f, (x) > 0 as n> for all x e[0, il Hence the 
limit function f vanishes identically and is continuous. But the convergence f, — f is non-uniform. 
The series version of Theorem 1 is the following: 


Theorem 2. If the series Sf, (x) of continuous functions is uniformly convergent to a function f on 
[a, b], then the sum function fis also continuous on [a, b]. 


Proof. Let S: (x)= yf, (x)n Nand lete > 0. Since ya converges uniformly to f on [a, b], there 


i=1 


exists a positive integer N such that 


Ss, (x)-f(x) < for all n => Nand x €[a,b] (1). 


Let c be any point of [a, b], then (1) implies 


S, (c)-f(c) <a for all n>N (2). 


Since f, is continuous on [a, b] for each n, the partial sum 
S, (x) =f, (x)+f, (x) ee aa (x} 


is also continuous on [a, b] for all n. Hence to each ¢ > 0 there exists a 6 > 0 such that 


S, (x)-S, (c)| cs : whenever |x —c¢| <6 (3). 
Now, by triangle inequality, and using (1), (2) and (3), we have 
If (x)—f(c)| =|£(x)-S, (x) +S, (x)-S, (c) +8, (c)-£©| 


<|f(x)-S, (x)|+S, (x)-S, (c)]+]S, (c)- 


€ € € 
<—=+=+ ==, whenever |x—¢|<6. 
a 2.3 

Hence f is continuous at c. Since c is arbitrary point in [a, b], fis continuous on [a, b]. 

However, the converse of Theorem | is true with some additional condition on the sequence (f,) of 


continuous functions. The required result goes as follows: 
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Theorem 3. (Dini‘s theorem on uniform convergence of subsequences (first form)). Let E be 
compact and let {f, } be a sequence of functions continuous on E which converges to a continuous 


function f on E. If f, (x) >f 


n+l 


(x) forn=1, 2,3, ..., and for every x €E, then f, — f uniformly on E. 


Proof. Take 


Being the difference of two continuous functions g,, (x) is continuous. Also g, > 0 and g, >g,,,. We 


shall show that g, > 0 uniformly on E. 

Let ¢>0 be given. Sinceg, — 0, there exists an integer n > N, such that 
lg, (x)-0| <e7 2 

In particular 
len, (x)-0|<¢/2 

1s: O<gy (x)<e/2. 


The continuity and monotonicity of the sequence { g, } imply that there exists an open set J(x) containing 
x such that 
O<g, (t) <é€ 
if te J(x) andn>N,. 
Since E is compact, there exists a finite set of points x,, X,,....,X,, such that 


EcJ(x,)UJ(K,)VU..UI(&X,, ). 


Taking 


it follows that 
O<g, (t) £6 
for all te Eand n= N. Hence g, > 0 uniformly on E and so f, — f uniformly on E. 
Theorem 4. If a sequence {f, | of real valued function converges uniformly to f in [a,b] and let x, bea 
point of [a,b] s.t. lim f(2)Ha5. (WELD ec hes 
Then (i) {a,} converges. 


(ii) lim f (x) =lima,. 
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i.e, lim lim f, (x)= lim lim f, (x). 


Proof. (i) The sequence { toh converges uniformly on [a,b] .Therefore for ¢ >0 , there exists an 


integer m (independent of x ) s.t. for all x € [a,b] 


ee (x)-f (x) <éeVn>m,p=1 (By Cauchy’s Criterion). 


Keeping n, p fixed and tending x > x,, we get 


Oy4p — Oy] <E Vn2m,p21 
So that {a, } is a Cauchy sequence and therefore converges to A. 
(ii) Since { f- \ converges uniformly to f. 


Thus for givene > 0 , there exists an integer N, s.t. for all x € [a,b]. 


fG)-F@|<& Vv n2N, () 


Now the sequence {a,} converges to A. So there exists an integer N, s.t. 
é 
la -Al<— VY n2N (2) 
n 3 2 


Now take ano. N such that N= max.{N, : N,} 


Since we have , 


In particular, lim fy (x) =a, 
= for ¢>0,4 a 5>0 such that 
[fv (x)-ay|< vy, whenever |x—x,|<6 (3) 
f(x)- A] =|f 0) + fir) fv) ay tay -A 
<|f(x)- f+ [fv 2)-4y|+ lan - 4 


Now, 


EE E 
ga gat whenever =a |<0 


=> lim f (x) exists and is equal to A. 


noo 


Thus lim f(x)=lima, = 4. 


Hence the Proof. 


Mathematical Analysis 61 


Theorem 5. If a series >; f, converges uniformly to f in [a,b] and x, is a point of [a,b] such that 


n=l 


lim f, (x) =a,3(2 =12yeescesssneeee ) 


Then (i) }'a, converges 


n= 


(ii) tim f(x)= Da, 


Proof. (1) Given that the series y, f, converges uniformly on [a,b], for given ¢ >0, there exists an 
integer m such that for all x € [a,b] 

AO <éeVn2m,p21 

_ (By Cauchy’s Criterion) 
Keeping n,p fixed and taking the limits x > x,, we obtain 


n+p 
Ya, | <é 


r=n+l 


=> the series > 2, converges to A. 


(ii) Since the series > f, converges uniformly to f, therefore for ¢ >0, there exists an integer N, 


n=l 


such that Vx €[a,b], we have, 


SDH ©) <2 V AE Mn () 


Again Ya, converges to A. 


= for ¢ >0, 4 N,such that 


Also it is given that 
lim f, (x)=, 3(n =1,2,....400.. ) 


= for the given ¢ > 0,4 a 6, >0_ such that for i= 1,2,........ 
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E 
Such that / (x)-a, < 3N_ whenever pm] <2, , 


If we take 6 = min 45,,55, unnnhie Ov \ then we have 


Fla)=a, 


<— for [x—x,| <6 
3N 


N 


Y fs)-Da, 


r=l 


Thus f,(x)-a,|< | ane (3) 


N 
<> 
r=l 


Now for|x — x,| <0, we have 


N 


f(x)- AG) 


r=l 


[f(x)- 4) < 


Using (1),(2) & (3) , we get 
f(x) = A <é 


=> lim f (x) exists and is equal to A. 


X>Xq 


We have seen earlier that if sequence { f,} is a sequence of continuous functions which converges 


pointwise to the function f, then it is not necessary for f to be continuous. However, the concept of 
uniform convergence is of much importance as the property of continuity transfers to the limit function 
if the given sequence converges. 


Theorem 6. If the sequence of continuous function {f,} is uniformly convergent to a function f on 


[a,b] then f is continuous on [a,b]. 
Proof. Let ¢ >0 be given. 


Now given that sequence { A ie is uniformly convergent to f on [a, b], then there exists a positive integer 


m such that 


f,(x)- f(x) < {vn 2 m& vx €[a,b] (1) 


Let x, be any point of [a, b]. 


In particular then from (1), 
I, 2) F(X) 


Now f,, is continuous at x, €[a,b].So, there exists 6 >0 such that 


<5 nem (2) 
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Les, (x, } SS whenever |x—x,| <O (3) 


Hence for [x —%x,| <0, we have 


L(x) = £0) = [£0 4,2) + F,0) + Fi 0) — F, (0) - Fo 


<|f(x)—F,(0) +f.) Fi 0) + 1F 0) — Fo ) 
<Gtotaae (from (1), (2)& (3)) 


We get If(x)- £(%) <é whenever x-x9| <6 


€ [a,b] 


; . x 
Hence fis continuous at ~° 


= fis continuous on [a,b]. 
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Theorem 7. If a series > f, of continuous function is uniformly convergent to a function f on [a, b], 


n=l 


then the sum function f is also continuous on [a, b]. 
Proof. Since the series Dae n converges uniformly on [a, b] to f on [a, b]. 


Thus given ¢ * 0 we can choose m such that 


Diels 


Let xo be any point in [a,b], then from (1),we have n= N 


Y hls 


Now it is given that each f, is continuous on [a,b] and in particular at xo. 


for all x €[a,b] \<s 5 on>m. 


x) <5 vn m (2) 


Hence € > 9, there exists ° > 9 such that 


N 
yo) yl Xo) > whenever Ix- Xo| <d (3) 
r=l 
Hence for [x =iq| <o, 
N N N N 


113) o0) [PO YH) + VA )-¥ hls) +E fe ls} Pe) 
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SIF lo) £65) 195 felso)- foo} +] F-0)- Dil) 


Thus from (1), (2) & (3) , we get 


= f is continuous at Xo on [a,b]. Since xo was chosen arbitrary. 


Hence the proof. 


Remark 1. (1) Uniform convergence of the sequence Uf} is sufficient but not a necessary condition for 
the limit function to be continuous. This means that a sequence of continuous functions may have a 
continuous limit function without uniform convergence. 


However the above theorem yields a negative test for uniform convergence of a sequence namely “If the 


sequence of continuous functions is discontinuous, the sequence cannot be uniformly convergent.” 


(ii) The same argument hold good in the case of infinite series >: acs 


n=l 
The following examples illustrate the same: 
(1) The sequence ie "| of continuous functions has a discontinuous limit function f which is given by 
0, iff O<x<l 
F(x)=y, 
leaf: eel 
Then the sequence cannot uniformly convergent on [0, 1]. 


nx 


(2) The sequence eal of continuous functions has a continuous limit function but the given 


sequence is not uniformly convergent. 


(3) The sum of the functions of the series (1 —x )x of the continuous functions. 


n=l 


_{l, ff «#0 
(a)={¢ if x=0 


which is discontinuous on [0,1]. Therefore the series is not uniformly convergent on [0,1]. 


Note 1. (1-x)S'x" =(1-afl4 x42? 4 ene ) 
n=l 
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=(1-()=1. 


Some important results 


Here we state some results which we shall use in the following theorems & examples: 


(1) Every monotonically increasing sequence bounded above converges to the least upper bound 
(1.u.b.). 


(2) Every monotonically decreasing sequence bounded below converges to greatest lower bound 
(g.1.b). 


(3) A real no. S is said to be a limit point of a sequence {a J if given any & > 9 and a +ve integer 


m, there exists a +ve integer k > m such that la, = | oe 
(4) Every bounded sequence has a cluster point. 


(5) If a seq. {a, } converges to L or diverges to tT? 97 —© then every subsequence of {a,} also 
converges to L or diverges to Tt OF —™. 


(6) Consider the geometric series 
AFA HAN F eeccccsse i ee 
This series 
(1) converges ifr< 1. 
(ii) divergesto * if “21, 
(iii) oscillate finitely ifr =-1. 
(iv) oscillates infinitely ifr <-1. 


n-1 


(7) Leibnitz’s Rule. The alternative series we 1) 4, is convergent if 


n=l 
(1) Ana < a,Vn 
(ii) a, >0a, nO 
(8) For every limit point of a sequence we can form a subsequence converging to limit point. Limit 
point is also called subsequential limit. 


Theorem 8 (Dini’s theorem on uniform convergence of subsequences(2™ form)). If a sequence of 


continuous function Uf, os defined on [a,b] is monotonically increasing & converges pointwise to a 
continuous function f, then the convergence is uniform on [a,b]. 
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Proof. The sequence tf n } is monotonically increasing and converges to f on [a,b]. 
Therefore, for any & > 9 and for a point ¥ € [a,b] there is an integer N s.t. 

O< f(x)-f,(x)<eVn2N (1) 
We consider ¥,, = f (x)= ae (x) Sais t Cs a ene 


Since the sequence if 3 is monotonically increasing. So, the seq. R, (x ) is monotonically decreasing. 


Pe, R(x)2R, (x)= R, (x)= eae >R, (x) (2). 


Also, the sequence {R, (x ) is bounded below by 0. 


Hence the seq. (R,,} converges pointwise to 0 on [a,b]. 


We claim that this convergence is uniform. 
Suppose if possible for a fixed % > 9,4 no integer N which works for all ¥ € [a,b]. 
Then for each n = 1,2,3,......... , there exists *n © [a ,b] such that 

R, (x, ) 2 4% (3) 


The seq. (x, } of points belonging to the interval [a,b] is bounded and thus has atleast one limit say iS 
in [a,b]. 


Consequently, we can assume that there is a subsequence a j of seq. Was converges to <o: 
ie, %,, >F as k>™. 
Now the function, 


R, (x) =F (x)- hi, (x) is continuous being the difference of two continuous functions and thus for 
every fixed m, we have 


lim R,,(x,, = R,, (6) ‘. Xn, a as kao, 
Now for every m and any sufficiently large k, we have 
n, 2m,k>m 
Since (R,, } is a decreasing sequence, we have 
R, be )> Re. le )> ao (from (3)) 


=> R,, (x, )> a; 


k 


But this is contradiction to the fact that sequence (RS converges pointwise to 0 1.e., 
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Thus the convergence must be uniform and this completes the proof. 
Theorem 9 (Dini’s theorem on uniform convergence for series). If the sum function of a series 


Dai n With non negative terms defined on an interval [a, b] is continuous on [a,b], then the series is 
uniformly convergent on the interval [a, b]. 


Proof. Consider the partial sum of the given series 
S,(x)= D1 S,() 
r=l 


Since all the function /, are non —ve . So, the seq. of partial sum {Ss sy should be increasing. 
Therefore, 5, (x) SS ia (x) Vn 


1G; {Ss e is an increasing sequence of continuous functions converges pointwise to a continuous function 
f. Hence by Theorem 8, the sequence {Ss . converges uniformly and the given series is also uniformly 
convergent. 


This completes the proof. 


Example 1. Show that the series 


4 4 
Xx 


jee “tax? 


A a a ee 
is not uniformly convergent on [a,b]. 

Solution. The terms of the given series are quotient of two polynomials and hence continuous (Since 
the polynomials are continuous and quotient of two continuous function is continuous). 

Now, Let us find the sum function for the given series. Let, / (x) denotes the sum function of the given 


series. 


1 1 
If ¥ #9 then the series is a geometric series with common ratio jae and nN 


<1Vxe [0,1]. 


x? 
Hence the sum function is given by 


4 


f(e)=—— = 14x" 
‘= 4 
l+x 
l+x* if x#0 
Thus, fe)={f Ke=6 


which is discontinuous on 0 and hence on [0,1] . So, the series cannot converge uniformly on [0,1]. 
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x 
Example 2. Show that the series me (nx x In 7 1x % 1} is uniformly convergent on any interval [a, b], 


0 <a<b, but only pointwise on [0, b]. 


ion. Let fx(*)= : “Ga 
Solution. Let J; (nx re 1\(n -_ 1)x 2 1} (n = 1)x +1 nxt+l 


Therefore n™ partial sum is 


Sa(0)= Df (0)= file)+ f.)+ eats FIG) 


1 1 1 1 1 
=. ] + Eh seheiasaes + 
x+l1 x+1 2x+4+1 (n—-1)x+1 nx+1 


1 
nx +1 


=1- 


The sum function (x) =limS, (x) 


no 


= in 1 sca ) 
at nx +1 


me! if x #0 
0, if x=0 


Clearly fis discontinuous at x = 0 and hence discontinuous on [0, b]. 
This implies that the convergence is not uniform on [0, b] i.e, it is only pointwise. 
Now take the interval [a,b] such that 0 < a < b, then the given series is uniformly convergent on [a,b] if 


for given € > 9, 


If we take ™ > ™o then for all * © [a,b] 


S,(x)-f (x)|<e Vn=m. 
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Hence the series converges uniformly on [a,b] s.t.0<a<b. 


( 


Example 3. Show that the series > 2 is uniformly convergent but not absolutely for all real 
n=l 


ses iy 
n+x 


values of x. 


cjattnateebean ae 
olution. € given series 1S nt x? : 


1 


7 
n+x 


Let a, = 
Gaal <a,Vn and a, 70 as Sa a 


ae 


2 is convergent. 


Hence by Leibnitz’s rule, the alternative series y ne 
n=l 


We know that a series 3 a, is said to be absolutely convergent if the series > a,| iS convergent. 


n=l n=l 


= 1 
= ps ee which behaves like DS yy and hence is divergent. 


It remains to prove that the given series is uniformly convergent. 


Let 5, (x ) denotes the partial sum and 5 (x ) denote the sum of the series. 


Now, consider 


Ce a ee ne eee 
“~ tee Dag Bay? Age 2n+x° 
1 1 1 1 1 1 
= 5. (x)= = + - Aba leasisbussasics +| ————_——__- 
an(2) [so | (4 os ste se 


Now, note that each bracket in the above expression is positive. Hence 52, (x) is positive and increasing 
to the sum S(x), 


=> S(x)-S,,(x)>0 


Also Soa)" Gaaae? Gnas CE Suis 
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So, 0<S(x)-S,, (2 bret (1). 


Also, consider 


-l Gas coe) (Goer omer) oe 


: < : (2). 
2nt+2 2n+1 


= 0 Se ag (x)—S(x) < 


Inequality (1) & (2) yield that for any € >9, 


we can choose an integer m s.t. for all values of x. 


S(x)-S,(x)< éEVn2m 


= The series converges uniformly for all real values of x. 


Example 4. Consider the seq. Uf, oe where 


_ nx 
1+n’x’ 


f(x) 


Show that the sequence of differentiable functions tf 7d does not converge uniformly in an interval 
containing zero. 


Solution. Here J, (x) a 
=> f(x)=lim f,(x)=0 


> f'(x)= 0 for all real x 
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(1+n°x? )n—2nx.n?x Wl ln +3 2x 


(1+n?x?) n° (1/ n°? bot) 


Now, sn '(x) = 


Now lim f,,"(x) = 0 for x#0, 

Thus lim f,'(x) = f"(x) 

But at x=0; f,'(x) =" and lim f,"(0) re 

Thus at * =9; 7} 7 lim f, ae) 

Hence the sequence f,,' does not converges uniformly in an interval that contains zero. 


2.7 Uniform Convergence and Integrability. 


We know that if f and g are integrable, then | (f + g) = | f+ | g and this result holds for the sum 
of a finite number of functions. 


The aim of this section is to find sufficient condition to extend this result to an infinite number of 
functions. 


Theorem 1. Let a be monotonically increasing on [a, b]. Suppose that each term of the sequence 


n 


on [a, b]. Then f €¢ R(a@) on [a, b] and 


{f } is a real valued function such that f, e R(a) on [a, b] for n= 1, 2,.. and suppose f, > f uniformly 


no 


b b 
[f do =lim [f, do, 


b b 
that is, | lim f, (x) da(x) = lim } f(x) da(x) 


(Thus limit and integral can be interchanged in this case. This property is generally described by saying 
that a uniformly convergent sequence can be integrated term by term). 


Proof. Lete be a positive number. Choose n > 0 such that 


nla(b)-a(a)] <= (1) 


This is possible since a is monotonically increasing. Since f, — f uniformly on [a, b], to each 1 >0 


there exists an integer n such that 
f, (x)-f(x)|<n, x e[a,b] (2) 


Sincef, <¢ R(a), we choose a partition P of [a, b] such that 
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U(P.f,,0.)-L(P,f, a) < F (3) 
The expression (2) implies 
f,(x)-n <f(x)<f,(x)+n 
Now f(x) <f, (x)+n implies, by (1) that 
U(P.f,a.)<U(P.f,.0) += (4) 
Similarly, f(x) =f, (x)—1 implies 
L(P,f,a)>L(P.f,,0)— ; (5) 


Combining (3), (4) and (5), we get 
U(P,f,a)-L(P,f,a)<e 
Hence f < R(a) on [a, b]. 


Further uniform convergence implies that to eache > 0, there exists an integer N such that n => N 


mete oan x e[a,b] 


Then for n>N, 


b b 
[fda-Jf, do 


(f-#,)ac 


b 
< ||f-f, |do 


“Ta a2 a ( rare) cava feae® 
( 


( 
_ ela b)-a (a) | 
a.(b) - = a) 


Hence fr da = tim ff, da 


and the result follows. 


The series version of Theorem 1 is 


Theorem 2. Let f, eR,n=1,2,... If >A converges uniformly to fon [a, b], then f €¢ R and 


Je(x ) da = ps (e( f, ( x) da 1.e., the series sa is integrable term by term. 
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Proof. Let (S,) denotes the sequence of partial sums of Dot . Since an converges uniformly to f on 


[a, b], the sequence (S,) converges uniformly to f. Then S, being the sum of n integrable functions is 


integrable for each n. Therefore, by theorem 1, f is also integrable in Riemann sense and 


b 
f(x) dx = lim [S, (x) dx 


a 


S, (x)dx = f, (x)dx «ft (x) dx +--+ jr, (x)dx 


=S fax) dx 


i=l a 


But 


| 
| 


b 


f(x) ox= fim, [fi (s)ax 


a i=l a 


and the proof of the theorem is complete. 


Example 1. Consider the sequence (f,) for which f, (x) =nxe™ , neN, xe [0,1] . We note that 


F(x) = ims, (x) 


= lim =0, xe(0,1] 
mo nx’ nx 
ch ee 
Then 
1 
[£(x) dx =0 
0 
1 1 5 
[t(x)ax = [nxe i dk 
0 0 
SASF as ea: 
age dt, t=nx 
1 —n 
aes ] 
Therefore 


lim | f, (x)dx lim [1-6] =>. 


no 
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1 
If (f,) were uniformly convergent, then } f (x) dx should have been equal to lim | re (x)dx : 
0 


But it is not the case. Hence the given sequence is not uniformly convergent to f. In fact, x = 0 is the 
point of non-uniform convergence. 


: _ x : ihe ‘ jst 
Example 2. Consider the sees ey This series is uniformly convergent and so is integrable 
2 
n=l (N+X 


term by term. Thus 


8 


n=l (n + x? ) n=l 


Coy 


= lim 5 [x(n+ x ) “dx 
ee iT 


“yl 1 1 1 1 1 
= lim i }+( )+-+{4- 
tin 2 2 3 m m+l 


se (n=) a<x<l. 


Example 3. Consider the series 
: py (1+n*x’) (1+(n-1)’x’) 


> 


Let S, (x) denote the partial sum of the series. Then 


and so f(x) =limS,(x)=0 forall x €[0,1] 


noo 


As we know that 0 is point of non-uniform convergence of the sequence(S, (x)), the given series is not 


uniformly convergent on [0, 1]. But 
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and fs, (x) fe dx 
0 


Hence 


lim |S, (x) dx = lim tog(I +n? )] [= fom 
ee) 


noo 5 noo 2n 


Thus 


and so the series is integrable term by term although 0 is a point of non-uniform convergence. 


Theorem 3. Let {g,} be a sequence of functions of bounded variation on [a, b] such that g, (a) =0, 


and suppose that there is a function g such that 
lim V(g—g,)=0 


and g(a) = 0. Then for every continuous function f on [a, b], we have 


no 


b b 
lim [f dg, = lim | f dg 


and g, —> g uniformly on [a, b]. 


Proof. If V denotes the total variation on [a, b], then 
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V(g)< V(g,)+V(g-8,) 


Since g, is of bounded variation and lim V(g = g,) = 0 it follows that total variation of g is finite and 
so g is of bounded variation on [a, b]. Thus the integrals in the assertion of the theorem exist. 

Suppose If (x) < M| on [a, b]. Then 
b 


[fd(g-g,) 


a 


b b 
[fdg—[f dg, 


<M V(g-g,) 


Since V(g = ) —> 0 as n> 0, it follows that 
b b 
[£ dg =lim | f dg,. 
Furthermore, 
le(x)-g, (x)/$ V(g-g,). vax) 
Therefore, as n > 0, we have 


g, > g uniformly. 


2.8. Uniform Convergence and Differentiation 


If f and g are derivable, then 


and that this can be extended to finite number of derivable functions. 


In this section, we shall extend this phenomenon under some suitable condition to infinite number of 
functions. 


Theorem 1. Suppose {f,}is a sequence of functions, differentiable on [a, b] and such that {f, (x,)} 


converges for some pointx, on [a, b]. If {f, "\ converges uniformly on [a, b], then {f, | converges 


uniformly on [a, b], to a function f, and 


E1(x) = lim f, '(x) (a<x< b). 


Proof. Let ¢ > 0 be given. Choose N such that n= N, m2 N implies 


» (0) fy (%0)] <5 (1) 
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and 


€ 

f '(t)-f, '(t ——- (a<t<b 2). 
(Otel spray O58) Q) 
Application of mean value theorem to the functionf, —f,,, (2) yields 


F, (8, 08)-£, (+f, (Os far s ® 


for any x and t on [a, b] if n=>N, m2N. Since 


lf, (x)-f,, (x)| <if, (x)-f,, (x)-f, (x,)+f,, (x,)|+ 


the relation (1) and (3) imply for n=>N, m2N, 


f (x,)-f,, (xy)}. 


fe (x)-£, (x)|<e/2+e/2=¢ (a<x<b). 
Hence, by Cauchy criterion for uniform convergence, it follows that {f, } converges uniformly on [a, b]. 
Let 

f (x) = limf, (x) (a<x<b). 


no 


For a fixed point x € [a,b] , let us define 


f (t)-f f(t)-f 
, (t) = ot ee (t) = ( pea (4) 
fora<t<b, t#x.Then 
lim, (t) = ge =f, '(x) (n= 1,2,...) (5) 
tox tox —xX 


Further, (3) implies 


E 
6, (t)-$. (<5B a BEN, m>N. 


n 


Hence {, } converges uniformly fort # x . We have proved just now that {f, \ converges to f uniformly 


on [a, b]. Therefore (4) implies that 
lim o, (t) = o(t) (6) 


uniformly for (a <t <b), t#X. Therefore using uniform convergence of (, ) and (5), we have 
lim p(t) = lim lim 4, (t) 


t>x n>o 


= lim lim 4, (t) 


n>o t>x 
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=limf, '(x). 


no 


But lim (t) = f (x). Hence 


Le) =limf, (x). 


n>o 


Remark 1. If in addition to the above hypothesis, each f,' is continuous, then the proof becomes 


simpler. Infact, we have then 


Theorem 2. Let (f,) be a sequence of functions such that 
(i) each f, is differentiable on [a, b]. 
(ii) each f,' is continuous on [a, b]. 
(iii) (f,) converges to fon [a, b]. 
(iv) (f,') converges uniformly to g on [a, b], then f is differentiable and f, '(x)=g(x) for all 
XE [a,b] ‘ 


Proof. Since each f, is continuous on [a, b] and (f,) converges uniformly to g on [a, b], the 


application of Theorem 1 of section 2.6 of this unit implies that g is continuous and hence Riemann 
integrable. Therefore, Theorem 1 of section 2.7 of this unit implies 


je '(x) dx 


t 


J g(x) dx = lim 


But, by Fundamental theorem of integral calculus, 


Hence 


Je(x) dx =lim| f, (t)—f, (a) | 


Since (f,) converges to f on [a, b], we have 
limf, (t)=f(t) and limf, (a) =f (a). 


Hence 


and so 
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{eco 7 =f'(t) 


or g(t)=f'(t), te[a,b]. 
This completes the proof of the theorem. 
The series version of Theorem 2 is 
Theorem 3. If a series yt converges to f on [a, b] and 
(i) each f, is differentiable on [a, b] 
(11) each f,' is continuous on [a, b] 


(i11)the series as " converges uniformly to g on [a, b] 


then f is differentiable on [a, b] and f'(x) = g(x) forall x €[a,b]. 


Proof. Let (S,) be the sequence of partial sums of the series bam . Since Df converges to f on [a, b], 


n=! 
the sequence (S_) converges to f on [a, b]. Further, since ye " converges uniformly to g on [a, b], the 


sequence (S_ ') of partial sums converges uniformly to g on [a, b]. 
Hence, theorem 2 is applicable and we have 


f'(x) =g(x) forall x €[a,b]. 


nx (n-1)x 


Example 1. Consider the series x — : 
nal (1+n?x’ ) (1+(n-1)' x?) 
For this series, we have 
nx 
SO)" Tae) O<x<l 


We have seen that 0 is a point of non-uniform convergence for this sequence. We have 


: : nx 
Oo) = Bas. = Be ae) 
=0 for 0<x<l. 


Therefore 


f'(0)=0 
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Hence 


Then 
f'(0) # limS, '(0). 


noo 


Example 2. Consider the series pees xER. We have 


n=! 


n 
Thus 
cos nx 
pO AY GS aera 
n 
. nx|_ 1 hs , : ; ; ; 
Since 2 & e and Deas convergent, therefore, by Weierstrass’s M-test the series oe (x) iS 


uniformly as well as absolutely convergent for all x ER and so pe can be differentiated term by 


term. 


Hence [> = ye, 
n=l 


n=! 


a [> sin =) E x eds 


n=l n n=l n 
2.9 Weierstrass’s Approximation Theorem 


Weierstrass proved an important result regarding approximation of continuous function which has many 
applications in numerical methods and other branches of mathematics. 


The following computation shall be required for the proof of Weierstrass’s approximation theroem. 


For any p,q €R, we have, by Binomial Theorem 


Mathematical Analysis 


where 


a) Fy 


Differentiating with respect to p, we obtain 
| 71 -ln- n—- 
SF he 'q” * =n(p+q)""» 
k=0 
which implies 
“k(n wi a2 
S| Jp “=p(p+q)""', nel (2). 
wo n\k 


Differentiating once more, we have 


k(n) 2, nok n-2 n-l 
= gq’ =p(n-1|)(p+q)" +(pt+q) 
yo WANK 
and so 
Le I at 1 is tg 
“| Jp ‘= p(1-—\(p+q)"? +2(p+9)"" (3). 
x=0 1 k n n 


Now if x €[0,1], take p =x and q = 1-x. Then (1), (2) and (3) yield 


2 
On expanding - x] , it follows from (4) that 
n 


n n 


k=0 


For any f €[0,1], we define a sequence of polynomials {B, eos as follows: 


seth (I-x)" =x (4), 


5 (Ex) (Phe-ay" Ee) ieee (5). 
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a n k n-k k 
B,(x)=>) (I-x)"" f| =|, O<x<l nel (6). 
io ke n 
The polynomial B, is called the nth Bernstein Polynomial for f. 


Weare in a position to state and prove Weierstrass’s Theorem. 


Theorem 1 (Weierstrass’s Approximation Theorem). [f f js real continuous function defined on [a,b] 


then there exists a sequence of real polynomials {P n } which converges uniformly to f(x) on [a,b] 
Le; lim P, (x) = f(x) uniformly on [a,b]. 
Proof. If a = b, then f(x) = f(a). 
Then, the theorem is true by taking P. (x ) to be a constant polynomial defined by 

F,(x)=f(a) vn 
Thus we assume that a < b 

x = a . . . 
i b-a 8 continuous mapping of [a,b] onto [0,1]. 


So, in our discussion W.L.O.G. we take a= 0, b = 1. 


n 
Now we know that for positive integer n and k where 9 $ k <1, the binomial coefficients ‘) 1.6; 


n n' 
".. is defined as aif k\(n—k) 


Now, we define the polynomial 8, where 
a()= [7 pray s(4) ( 
k n 
The polynomial defined in (*) is called Bernstain polynomial as shown in above equation (6). 
We shall prove that certain Bernstain polynomial exists which uniformly converges to f on [0,1]. 
Now consider the identity 


S(t (1-9 Leta) = () 


k=0 


[This is the binomial exp. of + [!-~]"] 


Differentiating w.r.t. x, we get 
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5 (ee ee oe aa, 


= a (1— x)" “"(k—nx)=0 
Multiplying by x(1-x) yields 
a n k n-k bs 
=S(i]> (1-x)"*(k-nx)]=0 (2) 


Differentiating again w.r.t. x, we get 


5(7L nx*(L-x)"* +x" (1-x)"""(k-nx) =0 


k=0 


which on applying (1),we get 


${"feiar em 


Multiplying by x(1-x), we get 


(Fst ay (k=) = nx(1-x) 


n 


CAE ae oo k)  x(l-x 
=3(t} (a [» *) aay) (3) 
Since the maximum value of x(1-x) in [0,1] is %. 
f (x) =x(1-x), f(x) =1-2x 
=> f'(x)=0>1-2x=0 
Sx 1/2=5f (ly 2)S1/4. 


So, (3) can be written as 


2 
“(1 k n-k k 1 
= x Ax x-—| <— 4 
S{F}ea-aynt(x-4) <t 9) 
Now f is continuous on [0,1]. So, fis bounded and uniformly continuous on [0,1]. 


=>4 K>0 guch that 
f(x) <K vxe[0,1] 


and by uniform continuity for given € >, there exists © >0 such that for all * € [0,1], 
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k\ é k 
=|r0)-1 4} <5 whenever [¥-—|<9 (5). 

n 2 n 
Now for any fixed but arbitrary x in [0,1], then n- values 0,1,2,........... wn of k can be divided into two 
parts as follows: 

k e . 
Let A be the set of values of k for which ae <6 and B be the set of remaining values for which 
a= £ 20. 
n 


Now for * € 3, we get by (4) 


ofp pta-aytar spt ta-ayre(sf) <2 


(By (1) 
EL) [o-) 


7s) ats} (Pr -ay| rts) ) 


k=0 n 


We split the summation on R.H.S into two parts accordingly as 


<6 or ple 
n 


k 
x-— 
n 


Let KE A or KEB, 


Thus we have 


E nN 
<— (1- x)’ oh oe 
Sol | ( a ree 


2K K 
<> +-—z <€ for all values of “> =z. 
n FX) 
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Thus \B, (x)} converges uniformly to f(x) on [0, 1]. 


Hence the proof. 

Example1. If f is continuous on [0,1] and if | x" f(x)dx =0 for n=0,1,2).0.0.00. Then show that f(x) = 0 
on [0,1]. 

Solution. Let P(*)= ao + @)X + Gy? Feces sees +a,X" be a polynomial with real co-efficients defined 


on [0,1], then 


fsa = J[ Soa.” ros 


n=0 
Thus the integral of product of f with any polynomial is zero. 
Now, since f is continuous on [0,1], therefore by Weierstrass’s approximation theorem, there exists a 
seq. (PaJ of real polynomial such that 2, > / uniformly on [0,1]. 
>p,fof is uniformly on [0,1] 


Since f being continuous and bounded on [0,1], therefore 
1 1 
[f?dx =lim| p, fdr = 0 
0 0 


Therefore, £’(x)=9 on [0,1]. 
Hence f(x) = 0 on [0,1]. 
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3.0 Introduction 


In this unit, we study convergence and divergence of a power series and applications of Abel’s theorem. 
Tauber showed that the converse of Abel’s theorem can be obtained by imposing additional condition on 
coefficients, whenever the converse of Abel’s theorem is false in general. Many of the concepts L.e., 
continuity, differentiability, chain rule, partial derivatives etc are extended to functions of more than one 
independent variable. 


3.1 Unit Objectives 

After going through this unit, one will be able to 
e understand the concept of power series and radius of convergence. 
e identify the notation associated with functions of several variables 


e familiar with the chain rule, partial derivatives and concept of derivation in an open subset of R". 


e know the features of Young and Schwarz’s Theorems. 
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3.2 Power Series 


A very important class of series to study is power series. A power series is a type of series with terms 
involving a variable. Evidently, if the variable is x, then all the terms of the series involve powers of x. 
So we can say that a power series can be design of as an infinite polynomial. In this section we will give 
the definition of the power series as well as the definition of the radius of convergence, uniform 
convergence and uniqueness theorem, Abel and Tauber theorems. 


Definition 1. A power series is an infinite series of the form ax where a,'s are called its 
n=0 


coefficients. 


Definition 2 (Convergence of power series). It is clear that for x = 0, every power series is convergent, 
independent of the values of the coefficients. Now, we are given three possible cases about the 
convergence of a power series. 


(a) The series converges for only x = 0 which is trivial point of convergence, then it is called 
“nowhere convergent” 


e.g. donlx” converges only for x = 0 and for x # 0, we have 


limn!x” = 00, 


n>o 


Thus the terms of the series do not converge for x #0 and thus the series converges only for x = 
0. Hence it is ‘Nowhere convergent’ series. 


(b) The series converges absolutely for all values of x, then it is called “Everywhere convergent”. 


e.g. The series converges absolutely for all values of x, 


x" xt! 
u.=—,u,,, =——_ 
ae Os. < yee | 
n 
. |u x n+1)!} |Int+l 
lim |—44| = ma a) = = 
nooly | jnl x x 


By D-Ratio test, the series converges for all values of x. So, it is called “Everywhere convergent” 
series. 


(c) The series converges for some values of x and diverges for others. 
e.g. The series )” x” converges for x < 1 and diverges for x > 1. 
n=0 


The collection of points x for which the series is convergent is called its “Region of 
convergence”. 
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Definition 3. Let a be a power series. Then, applying Cauchy’s root test, we observe that the 
n=0 


ee) 
power series }’a, x" is convergent if 


n=0 
1 
|< 
L 
where 
L=lim a, ti 
woth. Ge 1 
The series is divergent if Ix| es a 
Taking 
7 1 
lima,|" 


We will prove that the power series is absolutely convergent if x|<R and divergent if |x|> R. If 


a,),4,,.--. are all real and if x is real, we get an interval —R < x < R inside which the series is convergent. 


0? 


If x is replaced by a complex number z, the power series yoa,z converges absolutely at all points z 
n=0 


inside the circle [z| =R _ and does not converge at any point outside this circle. The circle is known as 


circle of convergence and R is called radius of convergence. In case of real power series, the interval 
(-R, R) is called interval of convergence. 


If lim a, " 0, then R=oo and the power series converges for all finite values of x. The function 


represented by the sum of series is then called an Entire function or an integral function. For example, 


e’,sinz and cosz are integral functions. 


If lima, ie =o, R =0, the power series does not converge for any value of x except x = 0. 


Definition 4. Let R be the radius of convergence of the power series Soa,z", then the open interval 
n=0 


(-R, R) is called the interval of convergence for the given power series. 


n , ra n 1 
Theorem 1. Let yia ,x bea power series such that limla,, \" =—_. 
n->0 R 


Then the power series is convergent with radius of convergence R. 
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Proof. Given that 


So, lim|a,x" 


: ns ep |X 3 pn |X ; 
Hence by Cauchy’s Root test, the series as is convergence if bl <1and divergent if Pl Salcke, 


convergent if |x| < Rand divergent if |x| >R. Hence by definition, R is radius of convergence of the 


given power Series. 


Remark 1. (i) From the proof of above theorem, it follows that if for the series Dae ; 


then the series is absolutely convergent. 


(ii) In view of the last theorem, we define the power series of convergence in the following way: 


Consider the power series ae , then the radius of convergence of this series is given by 


1 ll 
R=—=—, when limia, ">0 
limla,, 
aa l/n 
=0 when limja, = 00 


=oo when lim|a, |" =0. 
Obviously R=0o for an “everywhere convergent” and R = 0 for a “nowhere convergent” series. 
Theorem 2. If a power series Say converges for x = x, then it is absolutely convergent for every 
x =x, where |x,| < el 
Proof. Given that the series Dae is convergent. 


Thus a,xj >0 as noo. 


Hence for ¢ = 1/2 (say), there exists an integer N such that 


1 
aX, |< oo =N 


Thus, we have 
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n 


a,x; |= a,,X¢ |}-— 
n 
x 
<—|—| Vn>N (*) 
My 
x 
Now Ix, < Ne =| de 
Xo 


Thus > —| is geometric series with common ratio less than 1. So, it is convergent. By comparison 
Xo 


test, the series >. 


n 
a,x; | converges. 


— y ax is absolutely convergent for every x = x, where Ix,| < |x| ; 


Theorem 3. If a power series ae diverges for x = x'then it diverges for every x = x" , where 


it} 


Xx 


1 


xX}. 


> 


Proof. Given that the series Saxe diverges at x =x". 


1 


Let x" be such that |x") >)x'. 


Let if possible, the series is convergent for x = x" then by theorem 2, it must be convergent for all x 


such that |x| < 


x] 
In particular, it must be convergent at x' which is contradiction to the given hypothesis. 


Hence the series diverges for every x = x", where |x"| > 


x| : 
Definition 5 (Radius of Convergence). 


a, 


a, 


For the power series > ax , the radius of convergence is also defined by the relation R = lim| 


no 


> 


+1 


provided the limit exists. 
This definition is commonly used for numerical purpose as illustrated below: 


Find the radius of convergence of following: 
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l WSs yh A333 
x+ xo + x 
2, 25 2523 


(3) 


1 
Solution. (1) Here a, = 7 


n! 
_ | a Peale 

R = lim| “| = liml— x(n +1) = 0 
n->o Qial n—->oo n! 


The series converges for all values of x i.e, everywhere convergent. 


(2) Here a, =n! 


R=lim|——_| = 
nvel(n + 1)! 
So, the series converges for no value of x other than zero. So, it is nowhere convergent series. 
Aes ISS aiden (2n -1) 
DSS cetccoavascul (3n -1) 
Ra Kirn dedeesseesmene (2n-1) | Oo Suen (3n -1)(3n + 2) 
12). 5.Qorccssecsseereed (Bn —1) 1.3.5 .cccscecsseseed (2n-1X2n+1) 
. |(34+2/n| 3 
= lim =— 
nol 2+1/n| 2 


3 
So series converges for all x where |x| < m 


(4) Here a, = (n =} 
n 


(n=1)! (n+1)"" 


n" n! 


R=lim 


nao 


l ntl 
= lim [1 + | =€. 
nao n 


So the series is convergent for all x where|x|< e. 


Definition 6. Let f(x) be a function which can be express in terms of the power series as 


then f(x) is called sum function of the power series ax : 
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Remark 2. We have defined the uniform convergence of a series in a closed interval always. Thus, if a 


power series converges uniformly for |x| <R, then we must express this fact by saying that the series 
converges uniformly in closed interval [- R+¢,R—e], where ¢ >0 may be arbitrary chosen, however 
if a power series converges absolutely for |x| <R, then we can directly say that the series converges 


absolutely in (-R, R). 


Theorem 4. Suppose the series >. a,x" converges for [x <R_ and define 
n=0 


f(x)= a,x" (|\x|<R). 
n=0 
Then 
(1) y a,x" converges uniformly on [-R+ ¢,R-e],<>0. 
n=0 
(i1) The function f in continuous and differentiable in (-R, R) 


(iii) (x)= ina, x" (|x|<R) 


Proof. (i) Let € bea positive number. If |x|< R-¢, we have 


n 
lax 


< la r (R- e)" 


Since every power series converges absolutely in interior of its interval of convergence by Cauchy’s root 
test, the series Lia | (R- e). converges absolutely and so, by Weierstrass’s M-test, >’ a, x" converges 
uniformly on [—R+ €, R- €]. 

(ii) Also then the sum f(x) of }'a,x" is continuous and differentiable on (-R, R) and ax is 
uniformly convergent on [-R +ée,R— é| , 

Therefore, its sum function is continuous and differentiable on (-R, R). 


Vos s F ef 
(iii) Now consider the series Yona, x" ; 
3 I/n 
Since (n) 1 asn >, we have 


lim(n | a, ie _ lim(| a, Via 


Hence the series }a,x" and }ina,x"" have the same interval of convergence. Since Yina,x"' is a 


power series, it converges uniformly in[-R+¢,R-e] for every €>0.Then, by term by term 


differentiation yields 
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dina ,x"! =f(x) if |x|<R-e. 


But, given any x such that > <R we can find ane>0such that] >| < R—-e. Hence 
Dna,x"' =f\(x) if |x|<R. 


Note. It follows from the above theorem 4 that by repeated application of the theorem f can be 
differentiable any number of time and series obtained by differentiation at each step has the same radius 
of convergence as series ae 


Theorem 5. Under the hypothesis of Theorem 4, f has derivative of all orders in (-R, R) which are given 
by 


f(x) = )'n(n-1(n-2)..n-k+Da,x"* . 
n=k 
In particular 
FOV hash S02 yx ca: 
Proof. Let 
f(x)= i ROK! 


n=0 


Then by theorem 4, 
f (x)= > nan 
n=l 
Again applying theorem 4 tof (x), we have 


f@=Sin(n-Da,x”? 


f@@ => nn-)n-2).....0-k+Da,x"", 
n=k 
Clearly f(0) =|ka, the other sum vanish at x = 0. 


Remark 3. If the coefficients of a power series are known, the values of the derivatives of f at the centre 
of the interval of convergence can be found from the relation 


FOO) =|ka, 


Also we can find coefficient from the values at origin of f, f', f",... 
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Theorem 6 (Uniqueness theorem). If a,x" and >’b,x" converge on some interval (-R, R), R>0O 


to some function f, then 


a .=b, forallneN. 


Proof. Under the given condition, the function f have derivatives of all order in (-R, R) given by 


nak 
Putting x = 0, this yields 
f (0) =k!a, andf (0) =k!b,. 
for all k e N. Hence 
a,=b, forallkeN. 


This completes the proof of the theorem. 


Theorem 7 (Abel’s Theorem (First form)). If a power series > a,x" converges at the point R of the 


n=O 


interval of convergence (-R, R), then it uniformly converges in the interval [0, R]. 


Proof. Consider the sum 


-. n+l n+2 n+p. 
Sip Gyalt Pag KR Pens ROS PL, Dio snsiatsetvetss 
Then, we have 
_ n+l 
Saat a An sR 
< n+l n+2 
S.2 a Any R > Any R 
and so on. 
This gives 
R™! eu? 
Dns nl 
n+2 
AyyoR S02 = Sia 
Scand nation, (1) 


Let e > 0 be given. 


Now the series }° a,x" is convergent at x = R. 
n=0 
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The series of numbers » a,R" is convergent and hence by Cauchy’s general principle of convergence, 
n=0 


there exists an integer N such that 


=> 


Sig 


<EV NEN & GHlQyereeee (2) 


Now if we take xe [0, R| ie, O<x<R, then we have 


=) < 2)" CB iatact < (2) <1. (3) 


n+l ( Y y ( % y ( % y ( . i ( 2 y" ( eS "| 
-|=} +/=] -|=] 4... +| — -|=] +/— 
R R R R R R 
<el=e (by(3)) 


Thus we have proved that 


n+l n+2 n+p 
Qi iX +A, 5X Bis ciecaoe’ +a p* 


n+ 


<éV pl, Vx e[0,R]. 


00 
Hence by Cauchy’s criterion of convergence of series, the series » a,x" converges uniformly on [0, R]. 
n=0 


Remark 4. (i) In case, a power series with interval of convergence (-R, R) converges at x =—R, then 
the series is uniformly convergent in [-R, 0]. 
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Similarly, if a series convergent at the end points -R and R, then the series is uniformly convergent on [- 
R, R]. 

(11) If a power series with interval of convergence (-R, R) diverges at end point x = R, then it cannot be 
uniformly convergent on [0, R]. 


For, if the series is uniformly convergent on [0, R], it will converge at x = R. A contradiction to the 
given hypothesis. 


Theorem 8 (Abel’s theorem (second form)). Let >) 4@,*" be a power series with finite radius of 


n=0 


convergence R and let f (x )=a, x 
lim f(x a Te 


x>R- 


<R. If the series be x” converges at end point x = R then 


Proof. First we show that there is no loss of generality if we take R = 1. 
yoa,x" = > 4,R'y" = > by" where b, =a,R" 
Now, this is a power series with radius R’, where 


1 Vet SR. 


= lim|a, R" 1/ = lim|a, l/n R Pp 


So, if any series is given, we can transform it in another power series with unit radius of convergence. 


Hence we can take R = 1. 


Thus, now it is sufficient to prove that let > a,x" be a power series with unit radius of convergence and 


n=0 
let f (x) = a) x";\x| <1, if the series Ya, converges then lim bab: j=) as .Let us proceed to prove 
n=0 

the same. 

Se Shy Edy FH ekieaatons +a 

S,=0and )'a,=S 
n=0 
Then Ce te SIS, ey 
n=0 n=0 
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=5'5,x" + Sx "x35, x 
n=0 n=0 


-¥'5,x" -x>'S,, xn + Sx” 
n=0 n=0 


m-| 


-F'5.x" =x) Sx" +8,,x" [S_,=0] 
n=0 n=0 


m-| 


=(1-x)>) Sx" +S,,x”. 
n=0 
Now, for |x| <bx">0 as m>o andS, 5S. 


“tim Ya, = lim ( l-x Ss s,x" + lim 5,2" 


n=0 


= f (x)= (1-x)S,x" (1) 


Now, since S$, > S, therefore for ¢ > 0, there exists integer N such that 


<5 vn2N (2) 


Also, we have 


(by (3)) 
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=\(1-x) 9°(S,-S)x" 


n=0 
N € foo) 
<(1-x)})]S, -S]x"+=(-x) >> x" 
n=0 2 n=N+1 
N 
<(1-x) |S, -S|x"+= 
n=0 2 


N 
Now fora fixed N, (1- xy, |S, -S x” is continuous function of x having zero value at x = 1. 
n=0 


Thus, there exists 6 > 0 such thatl-d<x<1._ 


(i-x)>'|s, — sk" < 5 


n=0 
f\(x)-S <= 42-6 whenever 1-5 <x<1 
2 2 


ioe) 


Hence, lim f(x) =S= Yi, 


n=0 


Remark 5. We state some result related to Cauchy product of two series which will use in following 
theorem, which is infact an application of Abel’s theorem. 


(i) Let }’a, and }°, , then the series }’c, where c, = dyb, + 4)B, 4) + eee +a,b, is called 
n=0 n=0 n=0 
Cauchy product of series 5a, & )°,. 


n=0 n=0 


(11) Cauchy’s Theorem. Let ) a, & > b, be absolutely convergent series such that 
y n n 


n=0 n=0 


> 4, = A, » 5; = B, then Cauchy’s product series baie is also absolutely convergent and 


dic, = AB. 


Theorem 9. If }'a, & }'b, and }'c, converges to sum A, B & C respectively and if DG, be 
n=0 n=0 n=0 


Cauchy product of >a, and 0, then AB =C. 


Proof. }‘c, is the Cauchy product of }’a, and 57d, . 


n=0 n=0 n=0 
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= .0, Sabi + Gig Fees + a,b, 
Let f(x =D." g(x )= Dx" and h(x = Dex’ sVO<x<l. 
=0 


For > <1, the three series converge absolutely 
aes xe e(x) (By Cauchy’s theorem in Remark 5(i1)) 


=> h(x)=f(x).g(x);0<x<1. (1) 
Now by Abel’s theorem 


lim f (x )= da, => f(x)>A as x>1 


xl 
Similarly, g(x) —> B, h(x) >C as xo (2) 
Thus from (1) & (2), we have 
AB=C. 
Example 1. Show that 


3 5 i 


(i)tan' x =x 7 4 . +f cccasdcelecnes 
ae 3 
G21 Lae Hg scilesadin 
4 a. D7 


Solution. (i) We know that 


-1 
(1+2") STK $a He ak : 


x|<1 (1) 


The series on the right is a power series with radius of convergence 1, so it is absolutely convergent in (- 
1, 1) and uniformly convergent in [-k, k] where | k | <1. 
Now integrating (1), we get 


xX xX 


-| xX 
tan” x=c+x + Sa ban ae ss 
a tO: Ce 
Putting x = 0, we obtain c = 0, so that 
ir ae = ae 
tan!’ x=x + Soe Oe s|x]<1 
Be. tye 
The series on R.H.S is a power series with radius of convergence equal to 1. However, the series 
ee 
KS a Fe attains 
ae ae | 


is convergent at +1. 
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Hence by Abel’s theorem, it is uniformly convergent in [-1, 1] and hence 


3 5 7 
_ x 
tan’ x=x + Hired atsuaccan s-l<x<l 


(ii) At x = 1. By Abel’s theorem (Second form) 


| . -| 
tan x=limtan x 


xl 


Example 2. Show that for -l1<x <1, 


2 3 4 


Xo 5 oie 
i)logdl+x)=x + eee 
(i) log(1+ x) ae ae 

1 1 1 
ii) log2 =1—-—+—-—+4..... 
(log 2 3 4 


Solution. (1) We know that 
(4e)° sl-x4+%? =x" 4 bea aad lacs 


On integrating, we get 


2 3 
xX 


log(l + x)= 4-45 pace le xe<l 


The power series on R.H.S. converges at x = 1. 


So, by Abel’s theorem 


x 
log(1+ x)= x —-—4+ ——. s-l<x<l 
altx)=x-S +5 
(ii) Put x = 1, in above series we get result 
he “a 
log(1+1)=1-—+——-—4.w.. ;-l<x<l 
2( ) 23 4 
GF eae eae Se ddaweediae ;-l<x<l 
3 4 


Tauber’s Theorem. The converse of Abel’s theorem proved above is false in general. If f is given by 


ioe) 2c; —-r<x<r 
n=0 


the limit f(r—) may exists but yet the series s ar” may fail to converge. For example, if 
n=0 
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Then 


= f(r ) exists. 


However, 


Tauber showed that the converse of Abel’s theorem can be obtained by imposing additional condition on 
coefficients a,. A large number of such results are known now a days as Tauberian Theorems. We 


present here only Tauber’s first theorem. 


Theorem 10 (Tauber). Let 16.4 ee a for -l1<x<l1 and suppose that lim, na, =0. If 


n=0 


f(x) >Sas x1, then » a, converges and has the sum S. 


n=0 
Proof. Let no, = )’k|a,|. Then o, > 0 as n> ~. (1) 
k=0 
1 
Also, lim f(x,)=S wherex, =1-—. (2) 
nao n 


(e when n>, x, >1, f(x,) > S). 


Therefore to each €>0, we can choose an integer N such that n> N implies 


0, -<>, I (x,) S|<>, na, <5 
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i.e., 


a = Wn=NQN. 
3 3 


Let S, => a,. Then for -1<x <1, we have 


k=0 


ap ye 
=a, -8+ $0)- Yaya! 
= f(x)- S+Dia,- Ya,x" - y ax” 


k=n+1 


= f(x)- S+Dia\(l- x*)— > a,x! 


k=n+1 


=|f(x)- S+Yia\(1- x*)— > a,x" 


k=n+1 


Let x € (0,1). Then 


(l-x*)=(1-»)(+x+ 


for each k. Therefore, if n > Nand 0<x <1, we have 


k=n+1 
<|f(x)-5]+|9 + ya," 
= k=n+1 
< |f(x)-S|+ 2 ak(-x) + y ax 
k=0 k=n+1 


<| f(x)-S|+0- or klail+ 


k=n+1 


A 


A 


f(x)-S +=) kla,|+ 


l 
Putting x =x, =1——, we find that 
n 


=> ioe 
n 


-|roo- S+Yia\(l- x)= > a,x! 


> a,x" 


f(x)-S|+(1- es yx! x 


N kant 


oer 
3n(1—x) 


(3) 


(4) 
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tx) < k(x) 
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roo-si+ 5 le 
3n.— 
nN 
E Ee Ee 
<—+—+—=e 
3 3 3 


y a, converges & has sum S, which completes the proof. 
n=0 


3.3 Functions of Several Variables 


This section is devoted to calculus of functions of several variables in which we study derivatives and 
partial derivatives of functions of several variables along with their properties. The notation for a 
function of two or more variables is similar to that for a function of a single variable. A function of two 
variables is a rule that assigns a real number f(x, y) to each pair of real numbers (x, y) in the domain of 
the function which can be extended to three and more variables. 


3.3.1 Linear transformation 
Definition 1. A mapping f of a vector space X into a vector space Y is said to be a linear transformation 
if 
f(x, +X,)= f(x,) et. f(x,), 
f(cx) = cf(x) 
for all x,x,,x, € X and all scalars c. 


Clearly, if f is linear transformation, then f(0) = 0. 
A linear transformation of a vector space X into X is called linear operator on X. 


If a linear operator T on a vector space X is one-to-one and onto, then T is invertible and its inverse is 
denoted by T'.Clearly, T"(Tx) =x for all x eX. Also, if T is linear, then T” is also linear. 


Theorem 1. A linear operator T on a finite dimensional vector space X is one-to-one if and only if the 
range of T is equal to X. 1.e, T(X) = X. 


Proof. Let R(T) denotes range of T. Let ope creer, be basis of X. Since T is linear the set 
ELE cr Drone bc spans R(T). The range of T will be whole of X if and only if ib cob comeea b cor is 


linearly independent. 


So, suppose first that T is one-to-one. We shall prove that 2 cea comet Bote is linearly independent. 


Hence, let 
c, Tx, +c, Tx, +...+¢,Tx, =0 


Since T is linear, this yields 
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ECG FC ke Pee Ee, XS eH 0 
and so CX eC kot ek =O 
Since {Xi Spee Xj is linearly independent, we have, c, =c, =...c, =0. 
Thus {Tx,, Tx ious Tx,,} is linearly independent and so R(T) = X if T is one-to-one. 
Conversely, suppose that Be Caiben als Tx,,} is linearly independent and so 
c, Tx, +¢,Tx, +...¢+¢,Tx, =0 (1) 
implies c, =c, =...c, =0. Since T is linear (1) implies 
T(c,x, +¢,x, +...+¢,x,)=0 
= C,X, +C,xX, +...+¢,x, =0 
Thus T(x) = 0 only if x = 0. Now 
T(x)=T(y) => T(x-y)=0 > x-y=0 => x=y 
and so T is one-to-one. This completes the proof of theorem. 


Definition 2. Let L(X, Y) be the set of all linear transformations of the vector space X into the vector 
space Y. If T,, T2 € L(X,Y) and if cj,c2 are scalars, then 
(c1T+c2T2)(x)= ¢1T)x+c2 Tox ; x € X. It can be shown that c)T\+c2T2€ L(X, Y). 
Definition 3. Let X, Y and Z be vector spaces over the same field. If S, T€ L(X,Y), then we define their 
product ST by 
ST(x) = S(T(x)); x € X. 
Also, ST € L(X,Y). 
Euclidean space R". A point in two dimensional space is an ordered pair of real no. (x), x2). Similarly, a 


point in three dimensional space is an ordered triplet of real no. (x1, X2, x3). It is just as easy to consider 
an ordered n-tuple of real no. (x1, X2,...... , Xn) and refer to this as a point in n-dimensional space. 


Definition 4. Let n > 0 be an integer. An ordered set of n real no. (x1, X,........ , Xn) 1S called an n- 
dimensional point or a vector with n-component points. Vector will usually be denoted by single bold 
face letter. 


€.2. X= (Ky, X2,......00e Xa) 
V = (V1 Vageceeecceeces Yn) 
The number x, is called the k"" co-ordinate of point x or k" component of the vector x. 


The set of all n-dimensional point is called n-dimensional Euclidean space or n-space and is denoted by R". 
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Algebraic operations in R" - n-dimensional Euclidean space are as follow: 


Let x = (X},X2,...... Xn) and y = (Y1,Ya,..... ee eee 5Yn) be in R". 
We define 
(a) Equality x = y iff x; = yj, X2 =a, ...... eee eeee 5 Xn Ye 
(b) Sum x + y = ((Ki+ yi, X2+ Yay... ee eee. Xn + Yn) 


(c) Multiplication by real no. (Scalar): 


(d) Difference x - y= x+(-)y 
(e) Zero vector or origin 0 = (0, 0, ....... 0). 


(f) Inner product or dot product 


xy = ae 


k=l 


(g) For all x € R". Also if A is such that 
|Tx| <A|x|,xeER’, then||T|| <A. 


(h) Norm or length 
If TE L(R’, R"). Then 


lub {|Tx| :xeER’, x| = 1} 


is called Norm of T and is denoted by ||T||. The inequality 
x] < |r I 


and 
, 1/2 
l-(S9) 
k=l 


The norm|]x — y| is called the distance between x & y. 


(i) Also, Let x and y denote points in R”, then the following results hold: 
(i) |x| >0 and |x| =0 iff x=0. 


(ii) [ax] =a). for every real a. 
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(ii) fk-y|=[y->f 
(iv) Cauchy Schwarz Inequality: 
xy >] < ll. 
(vy betel sl+[H- 
Note 1. Sometimes the triangle inequality is written in the form 
|x—2] <|x—y|+]y-2]. 
This follows form (v) by replacing x by x-y and y by y-z. We also have 
leI-bll< eI 


Definition 5. The unit co-ordinate vector ux in R" is the vector whose k" component is 1 and remaining 
components are zero. Then 


u,= (0, Perey Merron ,l) 
If = (nes eae see): then 

X = XU + Hy A eveeeeeee +X,U,, 

& 

CEP a) Coe 1) Pe eeaaann ja te 
The vectors Uj, Uo,......... ,Un are also called basis vectors. 


Theorem 2. Let T,S<¢ L(R",R™) and c be a scalar. Then 


(a)||7 | <0 and T is uniformly continuous mappings of R" and R”. 
(D)|P + Sls TI] +])S| and |eT |] =|e\l7- 


(c)lf d(T,S) =|T — §)|,thend is ametric. 


Proof. (a) Let {e1, €2,....,¢n} be the standard basis in R" and let x « R". Then x=)’ ce, 
i=l 


Suppose |x| <1 so that |c,]<1 for i=1,2,....n. Then 
|Tx| =|Sie,Te, =. |c? 
<) [Te 


Te,| 
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Taking lub over x € R",|x}<1 

|e] < [re <oo, 
Further 
|7x—Ty|=|TO—y)] s|T]]x—y] sy eR" 
So if x—y| < <_ then 


|zx-D <ex,yeR". 


Hence, T is uniformly continuous. 


(b) We have 
\(T +S)x| =|Tx +Sy| 
<|Tx|+|Sx| 
TI Px1+ [SP« 
=(ITI+ ISD 
Taking lub over x € R",|x| <1, we have 
+S] s|7]+I5}. 
Similarly, it can be shown that 
let] =le([AI. 


(c) We have d(T,S)=|T-S|>0 and d(T,S)=|T-S|=0<T=S. 
Also d(T,S) =|T -S| =|S—T|| = d(S,T) 
Further, if $,T, UU ¢ L(R",R"), then 
|S—U]=|S-T+T-U| 
<|S—T]+|T-U 
Hence, d is a metric. 


Theorem 3. If T « L(R’, R") and S € L(R", R"”), then 
|ST| <[S}I[7| 
Proof. We have 


|sT)x|={8c7)| <|[s|i75 
<|shlri x 
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x| <1, we have 


STIs SII 


Taking sup over x, 


In theorem 2, we have seen that the set of linear transformation form a metric space. Hence the concepts 
of convergence, continuity, open sets etc. make sense in R". 


Theorem 4. Let C be the collection of all invertible linear operators on R". 


(a) If TeC, 


T"|= ~ Se L(R",R") and |S—T|= 8 <a, then SeC. 

(b) C is an open subset of L(R",R") and mapping T > Tis continuous on C. 
Proof. We note that 

[x| =|T-'Tx| <7] [Tx| 


< + ix for all x eR" 
a 


and so 
(a B)|x|=a|x|- Bx 
<|Tx|- B|>| 
<|Tx|-|(S -T)a| 
<|Sx]  VxeRr". (1) 


Thus kernel of S consists of 0 only. Hence S is one-to-one. Then Theorem 1 implies that S is also onto. 
Hence S is invertible and so S € C. But this holds for all S satisfying ||S - T|| <a. Hence every point of C 
is an interior point and so C is open. 


Replacing x by S’'y in (1), we have 
(a- f)|S"y|<|SS*y| =|y| 


or Is"y| ad ao 
and so [s"| < : 
a-p 
since S’-T" =S"(T-S)T" 
We have 


Is*—2"]=[s"[e-sifr"] 


am 
a(a—B) 


Thus if f is the mapping which maps T > T", then (2) implies 
pping p p 


(2) 
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~ 1 

Iresy-rep]s BL 
Hence, if ||S —T|| — 0 then f(S) — f(T) and so f is continuous. This completes the proof of the theorem. 
3.3.2 Derivatives in an open subset E of R" 


In one-dimensional case, a function f with a derivative at c can be approximated by a linear 
polynomial. In fact if f(c) exists, let r(h) denotes the difference 


f(x+h)- F&O) 
h 


r(h)= —f(x) if h#0 (1) 


and let r(0) = 0. Then we have 


Seth) = f(x) thf (x) +hr(h), (2) 


an equation which holds also for h = 0. The equation (2) is called the First order Taylor formula for 
approximating f(x + h) — f(x) by h f(x). The error committed in this approximation is h r(h). From (1), 
we observe that r(h) — 0 as h — 0. The error h r(h) is said to be of smaller order than h as h — 0. We 
also note that h f’(x) is a linear function of h. Thus, if we write Ah = h f(x), then 


A(ah, + bh, ) = aAh, + bAh, 
Here, the aim is to study total derivative of a function f from R" to R™ in such a way that the above said 
properties of hf’(x) and hr(h) are preserved. 


Definition 1(Open ball and open sets in R"). Let ‘a’ be a given point in R" and let r be a given positive 
number, then the set of all points x in R" such that 


Yall <7: : ‘ 
| | is called an open n-ball of radius ‘r’ and centre ‘a’. 


We denote this set by B(a) or B(a, r) . The B (a, r) consists of all points whose distance from ‘a’ is less 
than r. 


In R', this is simply an open interval with centre at a. 
In R’, it is a circular disc. 
In R’, it is a spherical solid with centre at a and radius r. 


Definition 2 (Interior point). Let E be a subset of R" and assume that a € E, then a is called an interior 
point of E if there is an open ball with centre surrounded by an n-ball. i.e., 


B(a)cE. 
The set of all interior points of E, is called the interior of E and is denoted by int E. 


Any set containing a ball with centre ‘a’ is sometime called a neighbourhood of a. 


Definition 3 (Open set). A set E in R” is called open if all points are interior points. 
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Note 1. A set E is open if and only if E = interior of E. 


Every open n-ball is an open set in R”. 


The cartesian product (a,,b,)x (a,,b,)x espns x (a,b, ) of n-dimensional open interval 
Cie or) Serene ,(ap,b,) is an open set is R" called n-dimensional open interval, we denote it by (a, b) 
where 

a=(a,4a,, puiliteaciioan sta) 

b=(b,,,, sects lens a atitses sD.) 


Remark 1. (1) Union of any collection of open sets is an open set. 
(ii) The intersection of a finite collection of open sets is open. 
(iii) Arbitrary intersection of open sets need not be open. 


e.g. Consider the seq. of open interval such that 


Clearly each G" is open set but G, 1G)... G, = {0} which is being a finite set is not open. 


> 


Definition 4 (The structure of open sets in R). In R’ the union of countable collection of disjoint 
open interval is an open set in R’ can be obtained in this way. 


First we introduce the concept of a component interval. 


Definition 5 (Component interval). Let E be an open subset in R’ and open interval I (which may be 
finite or infinite) is called a component interval of E 


If ICE and if there is no interval J#I st. ICJCE. 


In other words, a component interval of E is not a proper subset of any other open interval contained in E. 


Remark 2. (i) Every point of a nonempty open set E belongs to one and only one component interval of 
E. 


(11) Representative theorem for open sets on the real line. 
Every nonempty open set E in R’ is the union of a countable collection of disjoint intervals of E. 
Definition 6(Closed set). A set in R" is called closed if and only if its complement R"- E is open. 


Remark 3. (i) The union of a finite collection of closed sets is closed and the intersection of an arbitrary 
collection of closed set is closed. 


(ii) If A is open and B is closed, then A - B is open and B-A is closed. 
A-B=A[\B*. 
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Definition 7 (Adherent point). Let E be a subset of R" and x is point in R", x is not necessary in E. 
Then x is said to be adherent to E if every n-ball B(x) contains atleast one point of E. 


E.g. (i) If xeE, then x adherenes to E for the trivial reason that every n-ball B(x) contains x. 
(ii) If E is a subset of R which is bounded above. Then sup.E is adherent to E. 


Some points adheres to E because every ball B(x) contains points of E distinct from x these are called 
adherent points. 


Definition 8 (Accumulation point/Limit point). Let E be a subset of R" and x is a point in R", then x is 
called an accumulation point of E if every n-ball B(x) contains atleast one point of E distinct from x. 


In other words, x is an accumulation point of E if and only if x adheres to E-{x}. 

If x € E, but x is not an accumulation point of E, then x is called an isolated point of E. 
e.g. (i) The set of numbers of the form 1/n (n=1,2,........ ) has 0 as an accumulation point. 
( 11) The set of rational numbers has every real number as accumulation point. 


(iii) Every point of the closed interval [a, b] is an accumulation point of the set of numbers in the open 
interval (a, b). 


Remark 4. If x is an accumulation point of E, then every n-ball B(x) contains infinitely many points of 
E. 


Definition 9 (Closure of a set). The set of all adherent points of a set E is called a closure of E 
and is denoted by E. 


Definition 10 (Derived set). The set of all accumulation points of a set E is called the derived set of E 
and is denoted by E’. 


Remark 5. (i) A set E in R’is closed if and only if it contains all its adherent points. 


(ii) A set E is closed iff E=E. 
(iii) A set E in R" is closed iff it contains all its accumulation points. 


Definition 11. Suppose E is an open set in R" and let f : E — R" be a function defined on a set E in R" 

with values in R™. Let x € E and h be a point in R" such that |h| < r and x + h € B(x, r). Then f is said to 

be differentiable at x if there exists a linear transformation A of R" into R” such that 
f(x-+h)=f(x)+Ah+r(h) (1) 

where the reminder r(h) is small in the sense that 


: | r(h) | 
lim =0. 
h>0 | h | 


We write f(x) =A. 


The equation (1) is called a First order Taylor formula. 
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|f(x+h)— f(x) — AAl _ 
h0 i] =e (2) 


The equation (2) thus can be interpreted as “For fixed x and small h, f(x + h) — f(x) is approximately 
equal to f’(x)h, that is, the value of a linear function applied to h.” 


Also (1) shows that f is continuous at any point at which f is differentiable. 
The derivatives Ah derived by (1) or (2) is called total derivative of f at x or the differential of f at x. 


In particular, let f be a real valued function of three variables x, y, z say. Then f is differentiable at the 
point (x, y, z) if it possesses a determinant value in the neighbourhood of this point and if 


Af =f(x+ Ax, y + Ay,z+Az)—f(x, y,z) = AAx + BAy + CAz+ € p, where p =| Ax |+ | Ay|+| Az], 


€— 0 as 9p > 0 and A,B,C are independent of x, y,z. In this case AAx + BAy + CAz is called 
differential of f at (x, y, z). 


Theorem 1 (Uniqueness of derivative of a function). Let E be an open set in R" and f maps E in R™ 
and x € E. Suppose h € R"is small enough such that x + he E. Then f has a unique derivative. 


Proof. If possible, let there are two derivatives A, and A>. Therefore 


|f(x+h)-f(x)-A, bh] | 


i 
1M), 0 in| 0 
and 
lim, ,9 ert) the cL, 


Consider B= A, - A>. Then 
Bh= A;h— Ash 
= f(x + h)- f(x) +f(x)- f(x +h) + Ajh— Ah 
= f(x + h)- f(x) — Azh + f(x)- f(k +h) + Ayh 
and so 
|BA| < |f (e+ h)—f(x)—A,Al+| fe +h)— f(x) - Ah 


which implies 


|Bh| y 


|f(x +h)—f(x)—A,h| ji |f(x +h)—f(x)—A,h| 


lim, ..“—- <1 
Po | h>0 || | h| 
=0 
For fixed h # 0, it follows that 
Bh) >0> as t>0 
|eh| (1) 
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The linearity of B shows that L.H.S of (1) is independent of t. Thus Bh = 0 for all h ¢ R". Hence B = 0, 
that is, A; = Az, which proves uniqueness of the derivative. 


The following theorem, known as chain rule, tells us how to compute the total derivatives of the 
composition of two functions. 


Theorem 2 (Chain rule). Suppose E is an open set in R", f maps E into R", f is differentiable at xo with 
total derivative f(xo), g maps an open set containing f(E) into R* and g is differentiable at f(xo) with total 
derivative g'(f(xo)). Then the composition map F = fog, a mapping E into R“ and defined by F(x) = 
g(f(x)) is differentiable at xo and has the derivative 
F"(Xo) = g'(f(Xo)) Po). 

Proof. Take 

Yo = f(Xo), A = f(X0), B = g'(yo) 
and define 


r(x) =f(x)-f(x,)-A(x-x)) 


1,(y) = g(y)-8(¥.) -Bly- yo) 
r(x) = F(x) — F(x, ) - BA(x —x,). 


To prove the theorem, it is sufficient to show that 
F'(xo) = BA, 
that is, 


r(x) 


|x-x,| 


>0 asx>x, 


(1) 
But, in term of definition of F(x), we have 


r(x) = g(f(x))— (Yo) — BUL(X) — f(y) — A(X — Xo) 


so that 
r(x) =1,(f(x)) + Br(x). (2) 
If € > 0, it follows from the definitions of A and B that there exists n > 0 and 6 > 0 such that 
I" (y)| 


<e€ ayry 
ly - yo] 


or In0)|sely—y,| as|y—y]<1 Le. f(x) -f(%)| <0 
and |r,(x)|<e|x—x| if |x-x|<6. 
Hence 
n(F)| $ €|f) -FO)| 
=e Aes) + A(x - 7A (3) 


Ge |x X|+ €||Al](x Xo) 


114 Power Series & Function of Several Variables 


and 
[Br (x)| <li) 
<e xm] [vx] <8. 4) 


Using (3) and (4), the expression (2) yields 


Hence 
|S € xx + € | Al(x—20) + €[BI(*-%0) 
r(x) 
PO ce elle 
0 
-e[e +l} [al] ¢}e-ml<0 
Hence, 
= >0 as xXx, 
x—%,, 


which in turn implies 
F’(Xo) = BA = g'(f(Xo)) (Xo). 
3.3.3 Partial derivatives. 
| Saas (pe ener e,} be the standard basis of R". Suppose f maps an open set EC R" into R™ and 


let f,,f,,...,f,, be components of f. Define D,f, on E by 
F(x + te,)~ f,@) 
t 


(D, FIX) = lim (1) 


provided the limit exists. 


Writing f,(x,,xX,,...,x,) in place of f,(x) we observe that D,f; is derivative of f, with respect to x,, 


; Of, 
keeping the other variable fixed. That is why, we use om frequently in place of D,f,. 
xX 


Since f =(f,,f,,...,f,), we have 
D,£(x) = (Dy f(x), Dif (X),-» Dif, (x) 
which is partial derivative of f with respect to xx. 


Furthermore, if f is differentiable at x, then the definition of f(x) shows that 
in EHH) = 9 


t>0 


= f(x)h, (2) 


If we take h, =e,, taking components of vector in (2), it follows that 
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“If fis differentiable at x then all partial derivatives D,f, (x) exist”. 


In particular, if f is real valued (m=1), then (1) takes the form 
(D,£)() = lim, , ~A*2=F 
For example, if f is a function of three variables x, y and z, then 


Di) alte f(x + Ax, y,z) —f(x, y,z) 


Ax 

i f x, +A »Z —f X,Y,Z 

Df(y) =lim,, yp CY FAY.) POY.) 
Ay 

- Df(2)=lim, Cee ADF y.2) 
Z 


and are known respectively as partial derivatives of f with respect to x, y, z. 
The next theorem shows that Ah =f '(x) (h) is a linear combination of partial derivatives of f. 
Theorem 1. Let Ec R’ and let f : E— R" be differentiable at x (interior point of open set E). If 
h=c,e,+c,e, +...+¢,e, where femersuaee} is a standard basis for R", then 
E(x) (hi) = Dt), 
k=l 


Proof. Using the linearity of f '(x) , we have 


£"(x)(h) = YF'(xV(C,e,) 


= Yo f'(ae, 
But, by (2), 
f’(x) e, =(D,f)(x) 
Hence f'(x)(h) = Y¢,D, (f)(x) 


If fis real valued (m = 1), we have 
f"(x)(h) = (D,f(x),D,f(x),...,D,f(x))h. 


Definition 1 (Continuously differentiable mapping). 
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A differentiable mapping f of an open set EC R" into R” is said to be continuously differentiable in E 


if f’ is continuous mapping of E into L(R", R"). 
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Thus to every € > 0 and every x € E there exists a 6 > 0 such that 

|f'O)-S'Q)| <e fy €£ and |y-2|< 6. 

In this case we say that f is a C’-mapping in E or that f « C’(E). 


Theorem 2. Suppose f maps an open set EC R" into R™. Then f is continuously differentiable if and 
only if the partial derivatives D;fj exist and are continuous on E for 1<i<m,1<j<n. 


Proof. Suppose first that f is continuously differentiable in E. Therefore to each x € E and e€ > 0, there 
exists a 6 > 0 such that 


f(y) -f"(x)||<e if ye E and ly—x]<6. 
We have then 
IF'e,-f e|=|(7'0)-F' @e,| 
<If'o-F elle, () 
=|f'O)-f'@] <e if ye and |y-x <6. 
Since f is differentiable, partial derivatives Djf; exist. Taking components of vectors in (1), it follows that 
Df) —Df,(x) <eif yeE and ly—x|<0. 
Hence D f,are continuous on E for 1<i<m,1<j<n. 


Conversely, suppose that D f,are continuous on E for 1<i<m,1<j<n. It is sufficient to consider one- 


dimensional case, i.e., the case m = 1. Fix x € E and € > 0. Since E is open, x is an interior point of E and 
so there is an open ball B CE with centre at x and radius R. The continuity of Df implies that R can be 


chosen so that 
(D.NO)-O,N@)|<— ify eB, 1s jsn (2) 


Suppose h = Yh.e,,|h|<R, and takev, =0 


and v, =hy,e, +h,e, +....th,e, forl<k<n. 


j? 


Then 


feth-fO=Y Uf etv,)- forty, J) 
7 3) 


n 


pd 


j=l 


f (stv, +hje,)—f(x+v,,)| 


Mean value theorem implies 
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f (xt+h)-f (x) 


h,D, f(x+v;4 +0,he,) 


Ld I 


for some @e€ (0,1) 


— pa 
subtracting y, ; (D Lf )(x) 
j=l 


and then taking modulus, 


< VADs (x+y), +0,h,e,)—h,(D,)(x)| 


j=l 


f (x+h)—f(x)- Dh, (DF )(*) 


n 


>| 4 | DA(x+¥)4 + Ojh,e; J-o.9] 


j=l 
n 

E 

7 D | h, Ie 

j=l a 


ES & 
<— h\|=—.n\|h|=elh 
ps | : [A\=e|h| 


Hence f is differentiable at x and f'(x) is the linear function which assigns the number 

f'(x)h=>h, (D,f)(x) when f(x) is applied on h. Since (D,f)(x),(D,f)(x)....(D,f)(x) are 
j=l 

continuous functions on E, it follows that f' is continuous and hence f €C '(E ). 

Hence f is differentiable at x and f(x) is the linear function which assigns the number )h ,(D;f)(x) to 

the vector h= > h,e,. The matrix [f(x)] consists of the row ((D,f)(x),(D,f)(x)....,(D,f)(x)). Since 

(D,f)(x), (D,f)(x)....,(D,,f)(x) are continuous functions on E, it follows that f’ is continuous and hence 

f €C(E). 

Classical theory for functions of more than one variable 


Consider a variable u connected with the three independent variables x, y and z by the functional 
relation 


u= u(x, y, Z) 


If arbitrary increment Ax, Ay, Az are given to the independent variables, the corresponding increment 
Au of the dependent variable of course depends upon three increments assigned to x, y, z. 


Definition 2 (Continuous function). Let uw: R” > R bea function. Then u is said to be continuous at a 
point x = (x, 5% p. ,x,)eR". If given ¢ >0, there exists a 5 > 0 such that 
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Definition 3 (Differentiable function). A function u = u(x, y, z) is said to be differentiable at point (x, 
y, Z) if it posses a determinant value in the neighbourhood of this point and if 


Au = AAx + BAy + CAz+ € p, 


where 9 = |Ax| +|Ay|+|Az 


,€—0 as p— 0 and A, B, C are independent of Ax, Ay, Az. 
In the above definition p may always be replaced by n, where 
n= Ax? +Ay’?+Az’ . 


So, if uw: R" +R bea function, then u is said to be differentiable at a point x = (x,,2 4.0.0... ,x 
there exist constants A,,A,,......0 , A, such that for given ¢ > 0 


lu(x, + Axx, + Ax, sites 5 A) SU Musee) 


where P= [> Ax? & €—>0 whenever p> 0. 
i=l 


Definition 4 (Partial derivative). If the increment ratio 


= AAx, + A,AXx, +... + A, Ax, +6 


u(x ae Ax, y; Z) = u(x, y, Z) 
Ax 


tends to a unique limit as Ax tends to zero, this limit is called the partial derivative of u with respect to 


‘ . ou 
x and is written as — oru.. 
Ox Z 


Similarly, oe and oe can be defined. 
oy Oz 


So, if uw: R" +R bea function, we define a partial derivative as 


The differential coefficients. If in the relation 


Au = AAx + BAy + CAz+ € 9 


we suppose that Ay = Az = 0, then, on the assumption that u is differentiable at the point (x, y, z), 
Au = u(x + Ax, y,z) — U(X, y, Z) 
= AAx+ e€ Ax 


and by the taking limit as Ax > 0, since e— 0 as Ax + 0, we get _ =A. 


Similarly a = B and au. =C. 
Oy Oz 
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Hence, when the function u = u(x, y, z) is differentiable, the partial derivatives au ou. mo 
Ox Oy Oz 
respectively the differential coefficients A, B, C and so 
Au = Ce ace en Ce 
Ox Oy Oz 


The differential of the dependent variable du is defined to be the principal part of Au so that the above 
expression may be written as 


Au = du+ € p. 


Now as in the case of functions of one variable, the differentials of the independent variables are 


identical with the arbitrary increment of these variables. If we write u = x, u = y, u = z respectively, it 
follows that 


dx = Ax, dy = Ay, dz = Az 


Therefore, expression for du reduces to 


ane a ae 


Ox oy Oz 
Proposition 1. Let f:R”" > R bea function. If fis differentiable at a point x = (x,,x,,........x,) eR" 
then f(x, + Ax,,x, + Ax,, eveitee ,x, + Ax, ) f (x15, pisea eons ai} 
CAS ec ar ee Lafesietd + Dg ap 
Ox, Ox, n 
where P= Ly Ae? and é—>0as p> 0. 
i=l 
Proof. Since fis differentiable at a point x = i s Nip ssnttandas 5X ) , by definition of differentiability, there 
exists constants A,, A,,......... ,4, such that, for given ¢ > 0 
SACRE ote ee a. Seer ,x, +Ax,)- f(x,,x,; idbsawauescaie oe.) 
= A Ax, + A,AX, tees: +A Ax, +60 (*) 
where pay he and é—>0 as p> 0. 
Taking Ax, =0 for 7 #i for some fixedi = (122, afte ,n). 
Thus, we have 
iF ihewsce eg a At pee ert rere Poa a eee eee +) 


Taking Ax, > 0 
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lim cite eee Pe a ay Ae oa aT ae fe ea A Cote ree Xn) 4 é > 0asp > 0] 
Axi 0 Ax, ‘ |orAx, >0 
of sn ba 
= ae A, (By definition of partial derivative) 
x; 
This is true for every i = (1,2, Bates ,n) 
ay ey ieee ay 
Ox, Ox, Ox, 
Putting these value in equation (*), we get 
f (4 Ag es: ees ,x, + Ax, )— f(x,.2, hahcoeke to) 
gs OE st Sanialiaatlids + TAG. Sep 
Ox, Ox, x, 
where p = (Ax, )” andé—>0 as p> 0. 
Remark 1. If the function w= u(x,,x, yee ,x,) is differentiable at point (x,,x,...... ,x,) then the 
partial derivative of U W.>.t. X,,X),.. cee ,x, certainly exist and are finite at this point, because by the 
above proposition, they are identical to constants A,, A,,........... ,A, respectively. 


However converse of this is not true, i.e., partial derivatives may exist at a point but the function need 
not be differential at that point. 


In other words, we can say partial derivatives need not always be differential coefficients. 
The distinction between derivatives and differential coefficients 


We know that the necessary and sufficient condition that the function y = f(x) should be differentiable at 
the point x is that it possesses a finite definite derivative at that point. Thus for functions of one variable, 
the existence of derivative f’(x) implies the differentiability of f(x) at any given point. 


For functions of more than one variable this is not true. If the function u = u(x, y, z) is differentiable at 
the point (x, y, z), the partial derivatives of u with respect to x, y and z certainly exist and are finite at 
this point, for then they are identical with differential coefficients A, B and C respectively. The partial 
derivatives, however, may exist at a point when the function is not differentiable at that point. In other 
words, the partial derivatives need not always be differential coefficients. 


3 


a , where x and y are not simultaneously zero, 
x+y 


3 
Example 1. Let f be a function defined by f(x, y) = = 


f(0, 0) = 0. 
If this function is differentiable at the origin, then, by definition, 
f(A, k)— f (0,0) = Ah+ Bk+ en (1) 


where 7 =Vh* +k’ and €>0 as 7-0. 
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Putting h=7cos0,k =7sin Oin (1) and dividing through by 77and taking limit as 77 +0, we get 

cos’ @—sin’ @ = Acos@+Bsin0@ 
which is impossible, since 0 is arbitrary. 


The function is therefore not differentiable at (0, 0). But the partial derivatives exist however, for 


i (0, 0) = ino ® = FO, Y) = lim, yn = 1 
: h 
_  £(0,k)-f(0,0)_,.. O-k 
ry (0, 0) = lim, ,, i: = im, 5 — on 
xy aywen ec 
Example 2. ae pos 
p Let f(x,y) = (ety? | 
? if x=0,y=0 
Then f, (0,0) =0 =f,(0,0) 


and so partial derivatives exist. If it is different, then 


df = f(h,k)-f(0,0) = Ah+Bk+ 7, where A =f, (0,0),B =f, (0,0). 


This yields 
hk 2 2 2 2) 
————— _ =evh' +k’ ,n=vh +k 
Vh> +k? 
or hk =e (h’ +k’) 


Putting k = mh, we get 
mh’ =e h*(1+m’) 


m 
or 


=e 
1l+m 


Hence lim, ,, Tae = 0, which is impossible. Hence the function is not differentiable at the origin. 
+m 


Remark 2. (i)Thus the information given by the existence of the two first partial derivatives is limited. 
The values of f, (x,y) and f,(x,y) depend only on the values of f(x, y) along two lines through the 


point (x, y) respectively parallel to the axes of x and y. This information is incomplete and tells us 
nothing at all about the behavior of the function f(x, y) as the point (x, y) is approached along a line 
which is inclined to the axis of x at any given angle 0 which is not equal to 0 or z/2. 


(11) Partial derivatives are also in general functions of x, y and z which may possess partial derivatives 
with respect to each of the three independent variables, we have the definition 
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oO ou =lim u, (x + Ax, y,Z)—u, (X, y,Z) 
dxléx) Ax 


0 ( ou u, (x, y + Ay, z)—u, (x, y,Z 
b) [= )=tim,, (x,y + Ay,Z)—U, (%, Y,2) 


oy Ay 
a) a AV toe 9)» 
c) ed ee )=u, (29,2) 
Oz \ Ox Az 
provided that each of these limits exist. We shall denote the second order partial derivatives by 
Ou Ou Ou 
or u,. and or u 


ASE or Ux ? yx Zx* 
Ox OyOx OZOx 


Similarly we may define higher order partial derivatives of a and ~. 
Zz 
The following example shows that certain second partial derivatives of a function may exist at a point at 


which the function is not continuous. 


when (x, y) # (0,0 
Example 3. Let 0(X, Y)=4 x-y Slr 


0 when (x, y) = (0,0). 


This function is discontinuous at the origin. To show this it is sufficient to prove that if the origin is 
approached along different paths, o(x, y) does not tend to the same definite limit. For, if (x, y) were 
continuous at (0, 0), d(x, y) would tend to zero (the value of the function at the origin) by whatever path 
the origin were approached. 


Let the origin be approached along the three curves 
@) y=x-x’ (ii) y=x-x? (iii) y=x—x’; 


Then we have 


(i) 7 Cee eee CS eee 
(11) FC) een Mey ee 
x 
(iii) (x, yes aD ers as x >0 


Certain partial derivatives, however, exist at (0, 0), for if ¢,. denote 2 (26) we have, for example 
x \ Ox 
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@. (0,0) =i mere!) =lim,, 0 r an 


h,0)—@, (0,0 
Pex (0,0) = lim,_,o meee”) = lim,,_,9 = =2, 


since $(x,0) = x*,¢,(x,0) =2x when x #0. 


The following example shows that uxy is not always equal to uyx. 


2 40 
XV “YD when (x,y) # (0,0) 
Example 4. Let f(x, y)=) x?+y 
0 when (x,y) =(0,0). 
When the point (x, y) is not the origin, then 


of Jeo? Ax? y? 


a” Lay ayy | a) 
of | ey Ax*y? 
oy + 7 (x? + *)? 
L y yy 5 
while at origin, 
0,0) = fim SOLED) _ 9 


he (3) 
and similarly f,(0,0) =0. 


From (1) and (2), we see that 
f.(0,y)=-y (vy #0) and f,(x,0)=x (x #0) 


(4) 
Now we have, using (3) and (4) 
f,, (0,0) =lim,_,.— i = lim, =1 
: f,(0,k)—-f,(0,0) _,. —k 
f,,. (0,0) = Lim. = Him, o> =-], 


and so f,, (0,0) # f,, (0,0). 


Example 5. Prove that the function 


f(x,y) = yfxy| 
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is not differentiable at the point (0, 0), but that ~ and 7 both exist at the origin and have the value 


zero. 
Hence deduce that these two partial derivatives are continuous except at the origin. 
Solution. We have 


f(h,0)—£(0,0) _ 


of . 

— (0,0) =1 0 
Ox (0,0) = lim,,_, h 

a 6, 0) = fii en SO) aD = 
dy k 


If f(x, y) is differentiable at (0, 0), then we must have 
f(h,k) =0.h+0.k+ € Vh? +k? 
where «> 0 as Vh°+k* 50 
[nk 
e= 
Vh* +k? 


Putting h = pcos6,k = psin8#, we get 


Now 


E=,/|cosOsin 6| 
lim ,_,9 €=/|cos Asin 6| = ,/|cos Asin 6| =0 which is impossible for arbitrary 0. 


Hence, fis not differentiable. 


Now, suppose that (x, y) # (0,0). Then 


f(x + h, y) ~ f(x, y) 


h->0 h 


CLS ae 


=lim (x +h)y|-]xy| =lim, ,oVly| x +h] —|x| 


aCe byl + dbl)” h( J[x+h| + yx) 


Me 


Now, we can take h so small that x + h and x have the same sign. Hence the limit is i i - | | : 
2,/|XY x 


a hl oi ik 
oy 2 |xy| 2 ly| 
theorems, the object of which is to set out precisely under what conditions it is allowable to assume that 


f,, (a,b) =f, (a,b). 


Similarly, . Both of these are continuous except at (0,0). We now prove two 
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Theorem 3 (Young). If (i) f, and f, exist in the neighbourhood of the point (a, b) and (ii) f,and f, are 
differentiable at (a, b); then 


Proof. We shall prove this theorem by taking equal increment h for both x and y and calculating A’f in 
two different ways, where 


A’f =f(a+h,b+h)-f(a+h,b)—f(a,b+h)+f(a,b). 

Let 
H(x) =f(x,b+h)-—f(x,b) 
Then 
A’f =H(a+h)-H(a). 
Since f, exists in the neighbourhood of (a, b), the function H(x) is derivable in (a,a+h). Applying mean 
value theorem to H(x) for 0< @<1,we obtain 
H(a+h)—H(a) =hH'(a+@h) 
Therefore 
A’ f =hH (a+@h) 
=h[f.(a+0h,b+h)— f (a+ @h,b)| (1) 

By hypothesis (ii) of theorem, f,(x, y) is differentiable at (a, b) so that 

f,(a+0h,b+h)-f, (a,b) = Ohf,, (a,b) +hf,, (a,b)+ €'h 
and 

f, (a+ Oh, b)—f, (a,b) = @hf,, (a,b)+ €'"h, 

where €’and €” tend to zero as h > 0. Thus, we get (on subtracting) 

f,(a+ 0h,b+h)—f, (a+ 6h, b) =hf,, (a,b) +(e’-e"h 
Putting this in (1), we obtain 

A fa=h’ fre he (2) 

where €,=e —€,80 that ¢, tends to zero with h. 


Similarly, if we take 
K(y) = f(a + h, y) +s f(a, y) 
Then we can show that 
A fah’ fit, h (3) 
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where €,—> 0 with h. 


From (2) and (3), we have 


2 
Aff (a,b)+e=f, (ab)+e, 


ae 


Taking limit as h > 0, we have 


2 


fates 
he. = T (a,b) - f,, (a,b) 


lim,,_,o 
which establishes the theorem. 


Theorem 4 (Schwarz). If (i) f,,f,,f,, all exist in the neighbourhood of the point (a, b) and (ii) f,, is 


X27 y? “yx 


continuous at (a, b); then f,, also exist at (a, b) and f,, =f,,. 
Proof. Let (a+h,b+k) be point in neighbourhood of (a, b). Let (as in the above theorem) 
A’f =f(a+h,b+k)—f(at+h,b)—f(a,b+k)+f(a,b). 
and 
H(x) =f(x,b+k)—f(x,b) 
so that we have 
A’f =H(a+h)-H(a). 
Since f, exists in the neighbourhood of (a, b), H(x) is derivable in (a,a+h). Applying Mean value 


theorem to H(x) for 0< @<1,we have 
H(a+h)—H(a) = hH'(a+@h) 
and therefore 
A’f =hH'(a +h) =h[f, (a + Oh,b + k)—f,(a+0h,b)]. 


Now, since ae exists in the neighbourhood of (a, b), the function f, is derivable with respect to y in 


(b,b+k). Applying mean value theorem, we have 
A’f = hkf,, (a+ @h,b+@'k), 0<@<1 


That is 


L[ftathben-fe+hb)_ feb +i)-feb 


= f,,.(a+0h,b+6'k 


Taking limit as k tends to zero, we obtain 


“Lf(a+h,b)~ f,(a,b)]=lim f,,(a+6h,b+ Ok) = f,(a-+ hb) (1). 
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Since f,, is given to be continuous at (a, b), we have 
f,,(a+0h,b) =f, (a,b)+ €, 
where «> 0 and h->0. 


Hence taking the limit h > 0in (1), we have 


f(a-+h,b)=f, (a,b). 


lim lim, ,oLf,, (a, b)+ €] 


h>0 h 
that is, f,, (a,b) =f, (a,b) 


This completes the proof of the theorem. 
Remark 3. The conditions of Young or Schwarz’s Theorem are sufficient for f,, = f,, but they are not 
necessary. For example, consider the function 


2 


2 
x 
Y_. (x,y) #(0,0) 


f(x, y)=)x?+y 
0 , (x,y) =(0,0). 
We have 
£,(0,0)= fim 4,29 20-9) _ 
7,(0,0)=Him, , LO*— £09) _ 


Also for (x, y) # (0,0), we have 


4 


(x? +y’)2xy? —x’y”.2x _ 2xy 


f(x, y) = (x? typ = (x? +7) 
2x*y 

f,(x,y)=— 

y(X y) (x? yn) 


Again 
f. (0, k)—f, (0, 0) 
k 


f,, (0,0) = lim, ,, =Oand f,,(0,0) =0 


So that f,, (0,0) = f,, (0,0). 
For (x, y) # (0,0), we have 


8xy (x? + yy — 2xy"4y(x? + y) 8x°y° 
LA) = — $9 
(x'+y) (x'+y°) 


Putting y = mx, we can show that 


lim ( y)-5(0,0) Ls (x, y) #0= Ty (0, 0) 
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so that f,, is not continuous at (0, 0). Thus the condition of Schwarz’s theorem is not satisfied. 


To see that conditions of Young’s theorem are also not satisfied, we notice that 


I; (h, 0) a f. (0, 0) = 
7 = 


0. 


f. (0,0) =lim, ,, 


If f, is differentiable at (0, 0), we should have 


f, (h,k)—f, (0,0) = hf,, (0,0) + kf, (0,0)+ <7 
2hk* 


—— 7 = EN, 
(h? +k*)? _ 


where 7 =Vh*> +k? and €>0 as 7-0. 


Put h=7cos6,k =7sin@, then 7 =Vh? +k* =— 
so we have 


2pcos@.p’ sin* @ a 


4 


? 
2cos6@.sin* 0 =e 


Taking limit as p — 0, we have 
2cos@.sin* 6 =0 


which is impossible for arbitrary 0. 
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4.0 Introduction 


In this unit, we study most important mathematical tool of analysis i.e. Taylor theorem. As we know, 
Taylor series is an expression of a function as an infinite series whose terms are expressed in term of the 
values of the function’s derivatives at a single point. Also we shall be mainly concerned with the 
applications of differential calculus to functions of more than one variable such as how to find stationary 
points and extreme values of implicit functions, implicit function theorem, Jacobian and its properties etc. 


4.1 Unit Objectives 

After going through this unit, one will be able to 
e solve Taylor series expansions. 
e find the stationary points and extreme values of implicit functions. 
e understand Jacobian and its properties. 


e know about the local character of Implicit function i.e. the implicit function is a unique solution 
of a function f(x, y)=0 in a certain neighbourhood. 
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4.2 Taylor Theorem 

In view of Taylor’s theorem for functions of one variable, it is not unnatural to expect the possibility of 
expanding a function of more than one variable f(x+h,y+k,z+m), ina series of ascending powers of 
h, k, m. To fix the ideas, consider a function of two variables only; the reasoning in general case is 


precisely the same. 


Theorem 1 (Taylor’s theorem). If f(x, y) and all its partial derivatives of order n are finite and 
continuous for all point (x, y) in domain a<x <at+h,b<y<b+k, then 


f(a+h,b+k)= F(a,b)+ df(a,b) + °F(a,b) +. te yd Fb)+R, 


where R, =~ d"f(a+0h,b+0k),0<0<1. 
n! 


Proof. Consider a circular domain of centre (a, b) and radius large enough for the point (a+h,b+k) to 


be also with in domain. Suppose that f(x, y) is a function such that all the partial derivatives of order n of 
f(x, y) are continuous in the domain. Write 


x=atht,y=b+kt, 


so that, as t ranges from 0 to 1, the point (x, y) moves along the line joining the point (a, b) to the point 
(a+h,b+k); then 


f(x, y) = f(a +ht,b + kt) = d(t). 


Of dx of dy ,of , of 
——+—: = bh + 
Ox dt oy dt Ox oy 


Now, ¢'(t) = 


and 


"= oh gO p28 2 Ly LS 
al Oy )dt Ov\ Ox  oy)dt 


2 2 2 
pL dep OL de, OF dr, ,2L dr 
Ox’ dt Oxdydt  Oydx dt Oy” dt 
2: 2 
=|h° i ae pot eet 
ax? Ox0y Ovox Oy 


2 2 2. 
[eZ EG 7 


ae Bxdy ay? =) ff (by Schwarz's theorem) 


2 
O 
h—+k— +ht,b+kt 
-| ae 4 f(a ) 


and hence, similarly we get 


e'(th=d°f,..., (th =d"f 
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Also, o(t) and its n derivatives are continuous functions of t in the interval 0<t<l,and so, by 


Maclaurin’s theorem 


Blt) = 60) +16'O)+ "(0+ a _0'(0%) (1) 


where 0 < @<1.Now put t = 1 and observe that 
~(1) =f(a+h,b+k), 
(0) = f(a,b), 
(0) = df (a,b), 
9''(0) = d°f(a,b), 


go (Ot) = d"£(a + Oh, b + Ok). 


It follows immediately from (1) that 
f(at+h,b+k)=f(a,b)+df(a, b+ f(a,b)+.. + DI d"'f(a,b)+R, (2) 
n- 
where R, =—d"f(a+h,b+0k),0<0<1, 
n! 


Here, we assumed that all the partial derivatives of order n are continuous in the domain. Taylor 
expansion does not necessarily hold if these derivatives are not continuous. 


Remark 1. If we put a=b=0,h=x,k=y, from the equation (2), we get 


f(x,y) =(0,0)+ df(0, 04a £(0,0)+.. +7 v d’"£(0,0)+R, 


where R, = ~ a'f(6x, O0y),0<@<\1. 
n! 


This is known as Maclaurin’s theorem. 


2.Ifwe puta+h=x, b+k=y, we get 


fy) = sab)+| (2-40-62 | as toe 


1 3 a n-1 


where R= : c a) g +(y—-b) 4 f(a+(x-a)0,b+(y—b)6@). 
n! Ox oy 


This is called Taylor’s expansion of f(x, y) about the point (a,b) in power of (x—a)and(y—b). 
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Example 1. If f(x,y) = ,/|xy , prove that Taylor’s expansion about the point (x, x) is not valid in any 


domain which includes the origin. 


Solution. Given that f(x,y) = dbo 


> 


We find F,(0,0) = lim f enol (20) _9 


_r f(0,k)— f(0,0) _ 
f,(0,0)= lim = 0 
1 ly] >0 
|x 
Now, S(%y) = 
2\i\x 
| ee, 
2 \y 
Also Si @y)= 
1 x| 
-— |—,y<0 
2\\y 
—,x>0 
Thus, F(x, x) = f (4, x) = 
—-—,x<0 
2 


Now, Taylor’s expansion about (x,x) for n=1 is 


f(xth,x+h) = f(x,x) +h{ f(x + Oh, x+ Oh) + f,(x+Oh,x+Oh)\ 


|x|+h,x+0h>0 
|x +A] = |x|-h,x+0h <0 
x+0h=0. 


|x 


If the domain ((x,x),(x+h,x+h)) contains origin then x and x+h must be of opposite sign i.e. 


jxthl=x+h, |x| =—x 
or jxt+h|=-(x+h), |x| =x 


under these conditions none of the equality in (1) holds. 
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Hence the expansion is not possible because partial derivatives f, and f, are not continuous in any 


domain which contains origin. 


(‘. Partial derivatives f,, f,are not continuous at origin and therefore Taylor’s theorem is not necessary 


valid). 
Example 2. Expand x*y+3y-—2 in power of (x—1),(y+2). 
Solution. Let us use Taylor’s expansion with a=1,b=-2. 


Then, f(x,y)=x°y+3y-2, f(,-2)=-10 


f.(%,y) = 2xy, f.d,-2)=—4 
f,@ y= x +3, f,,-2) =4 
Su (%y)=2y, fe(1,—-2) =—4 
fy y) = 2x, fy A,—2) = 2 
fy y)=9, f,,(1,-2) = 0 
Foxy) =9, fq (1,-2) =0 
Sy (ey) =0, Foy; 1-2) = 0 
fx OY) = 25 Pre A, -2) = 2 
Fray (%sY)=2, fey 1,-2) = 2. 


All higher derivatives are zero. Thus, we have 


x’ yt+3y—2=-10-4(x—-1) + 4(y +2)—2(x-1) + 2(x-1)(y + 2) +(x - 1) (y +2). 
4.3 Explicit and Implicit Functions 


The explicit function is one which is given in the independent variable. On the other hand, 
implicit functions are usually given in terms of both dependent and independent variables. Here we read 
in details: 

Explicit function 


If we consider set of nm independent variables x,,x,,x;, 


ibaa ,x, and one dependent variable u, the 
equation 


WAY (Sp teieus x, ) (*) 
denotes the functional relation. In this case if y,, v,, 3......,y, are the n arbitrarily assigned values of the 


independent variables, the corresponding values of the dependent variable ware determined by the 
functional relation. 
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The function represented by equation (*) is an Explicit function but where several variables are 


involved, then it is difficult to express one variable explicitly in terms of the others. Thus most of the 
functions of more than one variable are implicit function, that is to say we are given a functional relation 


connecting the n variables x,,x,,x;.......x, and is not in general possible to solve this equation to find an 


explicit function which expresses one of these variables say x,, in terms of the other n —1 variables. 


Implicit function 


Let F(X)5 %55283) X30) = 0 (1) 


be a functional relation between the n+1 variables x,,x,,...,.x,,u and let x, =a,,x, =4a,,.... X, =a, be 
a set of values such that the equation. 

F(a,,455--54,,U)=0 (2) 
is satisfied for at least one value of u, that is equation (2) in u has at least one root. We may consider u as 
a function of the x's : u=@(x,,x,,...,x,) defined in a certain domain, where ¢(x,,x,,...,x,) has 
assigned to it at any point (x,,x,,...,x,,) the roots u of the equation (1) at this point. We say that u is the 
implicit function defined by (1). It is, in general, a many valued function. 
More generally, consider the set of equations 


BGs paandg Megs Uy aang HL) = 0 (p =1,2,...,m) (3) 


between the n+m variables x,,...,X,,U,,...,U,, and suppose that the set of equations (3) are such that 
there are points (x,,x,,...,X,) for which these m equations are satisfied for at least one set of values 


U,,U,,...,U,, We may consider the u’s as function of x’s. 


U, = 9,(K1,X95---2X,) (p =1,2,...,.m) 

where the function have assigned to them at the point (x,,x,,...,x,) the values of the roots 
U,,U,,...,U,, at this point. We say that u,,u,,...,u,, constitute a system of implicit functions defined by 
the set of equation (3). These functions are in general many valued. 

Definition 1 (Implicit function of two variables). Let f(x,y) be a function of two variables and 
y=@(x) be a function of x such that for every value of x for which ¢(x) is defined, f(x,¢(x)) 
vanishes identically i.e., y= (x) is a root of the functional equation f(x, y)=0. Then, y= @(x) is an 
implicit function defined by the functional equation f(x, y) =0. 


4.3.1 Implicit function theorem. 


This theorem tells us that whenever we can solve the approximating linear equation for y as a function 
of x, then the original equation defines y implicitly as a function of x. This theorem also known as 
Existence theorem. 
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Theorem 1 (Implicit function theorem). Let F(u, x, y) be a continuous function of variables __u, x, y. 
Suppose that 


(i) F (uy, a,b) = 0; 


(ii)  F(u, a, b) is differentiable at (u,,a,b); 
2 . Pear 
(iii) = The partial derivative ou Oo a,b) #0. 
u 


Then there exists at least one function u = u(x, y) reducing to u, at the point (a,b) and which, in the 
neighbourhood of this point, satisfies the equation F(u, x, y) = 0 identically. 

Also, every function u which possesses these two properties is continuous and differentiable at the point 
(a, b). 


Proof. Since F(u,,a,b)=0 and By cuore bd #0, the function F is either an increasing or decreasing 


function of u when u=u,. Thus there exists a positive number 6 such that F(u, —6,a,b) and 
F(u, +6,a,b) have opposite signs. Since F is given to be continuous, a positive number 7 can be found 
so that the functions 


F(u, —6,x,y) and F(u, + 0,x,y) 
the values of which may be as near as we please to 


F(u, —6,a,b) and F(u, + 6,a,b) 
will also have opposite signs so long as |x—al <mand ly—b| <7. 


Let x, y be any two values satisfying the above conditions. Then F(u, x, y) is a continuous function of u 
which changes sign between u,—6 and u,+6 and so vanishes somewhere in this interval. Thus for 
these x and y there is au in [u, —6,u, +0] for which F(u, x, y) = 0. Thus u is a function of x and y, say 


u(x, y) which reduces to u, at the point (a, b). 


Suppose that Au, Ax, Ay are the increments of such function u and of the variables x and y measured 


from the point (a, b). Since F is differentiable at (u,,a,b) we have 
AF =[F,(u,,a,b)+ €JAu+[F,(u),a,b)+ € JAx+[F, (uy,a,b)+ €" Ay = 0. 


Since AF =0 because of F = 0. The numbers ¢€,¢€',€" tend to zero with Au, Ax & Ay and can be made 


as small as we please with 6 &7. Let 5 and 7 be so small that the numbers ¢,€',€" are all less than 


1 
; F. (uy,a,b) 


, which is not zero by our hypothesis. The above equation then shows that Au > 0 as 


Ax —> 0 and Ay > 0 which means that the function u = u(x, y) is continuous at (a, b). 
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Moreover, we have 

LF. (u,,a,b)+€ ii Ax + | F, (u,,a,b)+¢ i Ay 
F (u),a,b)+€ 


F (u,,a,b) F,(u),a,b) 
F (u,,a,) F.(u),a,b) 


Ay+ e€, Axv+e, Ay, 


€, and ¢€, tending to zero as Ax and Ay tend to zero. 


Hence u is differentiable at (a, b). 


Bs a8 
Corollary 1. If ~ exists and is not zero in the neighbourhood of the point (w,,a,b), the solution u of 
u 


the equation F = 0 is unique. Suppose that there are two solutions u, and u,. Then we should have, by 


mean value theorem, for u, <u'<u, 

0=F(u,,x,y)—F(u5,x,y) 2(% —u,)F,(u',x,y), 
and so F, (u,x, y) would vanish at some point in the neighbourhood of (u,,a,) which is contrary to 
our hypothesis. 


Corollary 2. If F (u,x, y) is differentiable in the neighbourhood of (u,,a,b), the function u = u(x, y) 
is differentiable in the neighbourhood of the point (a, b). 


This is immediate, because the preceding proof is then application at every point (u,x, y) in that 


neighbourhood. 
4.3.2 Inverse function theorem. 
Corollary 1 is of great importance, for a function of two variables only, F (u,x)=0 and taking 


F(u,x)= f(u)—x, we can express the fundamental theorem on inverse functions as follows: 


Theorem 1 (Inverse function theorem). If, in the neighbourhood of u =u,, the function f(u) is a 


continuous function of u and if 
(i) fluy)=a 
(ii) f'(u)#0 
in the neighbourhood of the point u=u,, then there exists a unique continuous function u = d(x), 


which is equal to uw, when x = a, and which satisfies identically the equation 


ya (w)— x=0, 
in the neighbourhood at the point x =a. 


The function u = g(x) thus defined is called the inverse function of x = f(u). 
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4.4 Higher Order Differentials 

Let z= f(x,y) bea function of two independent variables x and y defined in a certain domain 
and let it be differentiable at the point (x, y) of the domain. The first differential coefficient of z at the 
point (x, y) is defined as 


YL Cay (1) 
Ox oy 
and if = and — are differentiable at the point (x,y), then the differential coefficient of dz is called 
x y 


second differential coefficient of z and is denoted by d*z and is given by 


Grad ie 
0 Oy 


xX 


-a{ Sara 2 dy (2) 
Ox Oy 
2 2 
Now, (= )-Gavs o dy 
Ox} Ox Oyox 
2 2 
and gee 
ay) axoy | Oy 


Putting these values in (2), we get 


oO 2 2 Oz Oz 2 
d z=—(dx) +2 dxdy + —(dy) 
ox Ovox Oy 
A na. Oy 
Thus, d’z =| —dx+— dy | z 
Ox Oy 
a, @a,) 
Similarly, d°z=|—dx+—dy | z 
Ox oy 


Proceeding in this manner, we define the successive differential coefficients d*z,d°z,.......... ; 


Thus, the differential coefficient of nth order dz exists if d”'z is differentiable i.e. if all the partial 
derivatives of (n-1)th order are differentiable. Thus, by mathematical induction, we have 


LOZ O"z : n(n-l) O"z d. O"z 


d"z x)" +n 
ax" | ) ax” dy 2! ax" ay’ 
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ae dx + is dy | z. 
Ox oy 


4.4.1. Choice of independent variables 
Let F(x, y,z)=0 (1) 


Differentiate (1), we get 


dx + — dy + —dz=0 (2) 


Now, if z is dependent on the two independent variables x and y in such a way that the equation 
F(x, y,z)=0 is satisfied by z = z(x,y), then 


tips is A (3) 
Ox oy 


Now, equation (2) can be written as 


F F 
dz=-—dx-—d 4 
Zz F F ly (4) 


Similarly, if x is dependent on y and z then 


Ox iS OG 2. 


yy Fo a F 


x x 


Similarly, if y is dependent on z and x, then 


4.4.2 Higher order derivatives of implicit functions 


Let f(x, y,z)=0 be a functional relation where z is dependent variable such that z= z(x,y). 


2 2 2 
We denote the partial derivatives eZ ; ie we. ts = 
Ox Oy Ox Oxdy Oy 


by p, q, r, s, t respectively. 


Now, we suppose that x is dependent variable so thatx=x(y,z). Then, we will show that how to 


express partial derivatives of first and second order w.r.t. y and z in terms of p, q, r, s and t. 


Since 2=2y.y) 
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=> pan PRE A (1) 
Ox oy 


=> o=d{ Sarr Sara — |dy 
Ox Ox 
O°z 2 Oz Oz Oz Og 
== (dx) += dydx + Fd?x+ dxdy + d 
BE a a Gay ae) 
= r(dx) + 2sdx.dy +t(dy) + pd’x. (2) 
Now, from (1) 
dz = pdx +qdy (3) 
=> de = ~ (dz - gay) (4) 
P 


Now, putting the value of dx in (2), we get 


0= | ae-0)] +25 4 (ae-ai)| dy +t(dy) + pdx 
=> —pd’x=r. ale) +4 (dy) — 2gdz.dy |+2s (acd aa)) not 


ne sae +1 (ayy [2-28 ae 
P PP 


a2 t = 
yee ee *) wy) OP 2qr) 


2 


dzdy 


2pgqs—r¢ tp - 
= "4 ip M ayy? 4 2 2sp) 


= x= — + P dzdy. (5) 


From (4), we have 


& _ Coefficient of dz in(4)=+ |; 
p 


Oz 


< = Coefficient of dy in (4)=-+ 
ly 


From (5), we have 
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O°x 


“ ~ = Coefficient of (dz) in (5)=-—~ 
62? ( z) ( ) Dp 
2 er) ary 
~ = Coefficient of (dy) in (5)= ends a re 
P 
2 2qr-—2 
ES Coefficient of dydz in (5)= Tea 22) 
Oyoz 2 2 Dp 
qr’ — Sp 
— Pr - 


4.5 Change of Variables 


In problems involving change of variables it is frequently required to transform a particular 
expression involving a combination of derivatives with respect to a set of variables, in term of 
derivatives with respect to another set of variables. 

Ow Ow 


+ 
Ox? ay” 


Examplel. Let w be a function of two variables x and y, then transform the expression 


the formula of polar transformation x =u cosv, y=usinv. 


Solution. Here, x =x(u,V) 
dx = & du+ S dv 
Ou Ov 
=cosv.du—usin v.dv (1) 
Since y= y(u,v) 
dy = oy du+ wy dv 
Ou Ov 

=sinv.du +ucosv.dv (2) 


Multiplying (1) by cosv and (2) by sinv and adding, we get 
du = cos (dx) +sin v(dy) (3) 


Multiplying (1) by sinv and (2) by cosv and subtracting, we get 


sinv cosv 
( 


dv = (dx)+ dy) (4) 
u 
From (3) and (4), we get 


Ou Ou, 
—=cosv, —=sinv 
Ox Oy 
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Ov sinv ov _ COSV 


Ox u oy u 
Ow _ Ow ou , ow Ov 


Now, = : 
Ox Ou Ox Ov Ox 
Ow sau) 
=cosvy—+] — a 
Ou u_) Ov 
=(cosy 2-2? 2 )y (5) 
Ou u ov 
Similarly oe = [sino ESe 2) (6) 
oy Ou u OV 
now 88) 
Ox” = Ax x 
O sinv 0 Ow sinv Ow 
=| cosy—-— — || cos y—-— = 
Ou u ov Ou u Ov 
eye w sinvcosv 0’w_ sinvcosy Ow. sinvcosv 0’w 
u- u Ouodv ur Ov u Ouodv 
sin’ v dw. sinvcosv dw _ sin’ v 0?w 
+ 5 —— 5 (7) 
u Ou u Ov ue OV 
age # 2sinvcosv 0°w sin’ v Ow sin’ v dw 2sinvcos Ow 
u- u Oudv ue’ Gudv u Ou u Ou 
- Ow ., Ow sinvcosv 0’w_ sinvcosv dw. cos’ v dw 
Similarly 7 =sin" v—, a 
oy Ou u OuOv Ov u 
sinveosv 0’w  cosvsinv dw cos’ v 0’w 
~ 2 + 2 2 (8) 
u Ouov u Ov u Ov 
Adding (7) and (8), we get 
Cw Cw Ow lew. 1 Ow 
Eo ae ae Fae 
Ox” Oy Ou udu iu OV 


Example 2. Transform the expression 


2 2 
gee +(a°-x°-y’) G 
Ox oy Ox 


by the substitution x =rcos@,y=rsing. 
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Solution. We wish to express Zz as a function of x and y where x and y are the functions of 7 and 


@ ie. Z=2(x,y) and given x= x(7r,0), y=V(7,0). 
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= cos 0dr + (—sin @.r)dO 
= cos Odr —-sin 0.rdO 


Similarly dy = - dr + - dé 
r 


= sin Odr +r cos @d0 
Multiplying (1) by cos@ and (2) by sin@ and adding, we get 
dr = cos O0dx + sin Ody 


Multiplying (1) by sin@ and (2) by cos@ and subtracting, we get 


lars sind 


r r 


do 


From (3) and (4), we get 


CE suey a 
Ox oy 


00 _cos@ 00 sind 


oy r ax c 


Oz _Ozor | oz 06 
Ox Orox 00x 


Oz sin@ oz 
or r 06 


Oz . oz sin@ cz : 
—| =| cos@—-— — 
Ox or r oo 
, (02) sin?@( az) 2sinOcosO az 
= cos’ A} — | +——| — | -———_ —_ 
‘ele r orog 


or r 


Oz ozOor 0z 00d 
= + 


Similarly es 
Oy ordy 0O@ oy 


Oz 4 C08E Oz 
Or r 006 


az) : (2) (2 ) 2sinOcos@ O°z 
—| =sin' 0 > + 
oy or a 00 r orod 


Taylor Theorem 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 
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Adding (6) and (8), we get 


(=) az) (2) 1 (=) 
+ 7 + 
Ox oy Or r’ \ 00 


Multiplying (a’ —r’) on both sides, 


pi - oad z \ Ca a ee ézV 1fay 
se (2) o) |=" i 1(@) -+(3)| 


Multiplying (5) by x and (7) by y and adding, 


Oz Oz oz 1 Oz 
—+y—= O+ 0)—+- O- 0)— 
x y ay (xcos 6+ ysin Ess : (ycos @—xsin Ven 


= (r cos’ @+rsin’ 0) = +" (sin 600s —cos Osin es 
or +r oo 


Oz 
=r— 


or 


Squaring on both sides, 


2 2 
Pccaaecad -r(Z] (10) 
Ox ~ Oy Or 


Adding (9) and (10), we get required result 


( az «) () (=) (2) (=) | 
x—+y—]| +(a°-r’) + =a sear = 
Ox ~ oy ox oy Or r- \ 00 00 


wherew is any twice differentiable function of x andy. 


Solution. Here, x=x(r,0) 
dx = as dr + aa dé 
or 00 
= cos 0dr —r sin 0d@ (1) 


Since y=yr,0) 
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dy= De 40 
Or 00 


=sin 0dr +rcos@d0 
Multiplying (1) by cos@ and (2) by sin@ and adding, we get 
dr = cos O0dx + sin Ody 
Multiplying (1) by sin@ and (2) by cos@ and subtracting, we get 


d0= me Ree a 


r r 


From (3) and (4), we get 


Lae Cay 
Ox Oy 


0b sind 00 _cosé 


oor oor 


Qu eu or , Ou 00 


Now, — = 
Ox orox 06 cx 


Similarly Oh = [sin O—+ ot u 


2 
sin sees 
Ox ox \ Ox 


Oo sind oO Ou sind Ou 
=| cos9—-— — || cos@ —-— — 
r oOo 


or r 00 


Oru 7 sin@cos@ G’u — sin@cos@ du 7 sin@cos@ 0°u 


=cos’ @ ; + 5 
or r orod r 00 r 


sin?@ du sin@cos@ du sin? @ 07u 
2 
r Or r° foley r 00° 


eee Ou .>5,0u sin@cos@ du sin@cos@ du 
Similarly =z = sin” O— + ———_ ; 
oy Or r oroe r 00 


orod 


cos’ 0 Gu 


r 


or 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 
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, Sin cos 0’-u~—s cos @sin@ Ou 


2 2 
cos’ 6 O-u 


r rod rr €6 
Subtracting (8) from (7), we get 


r 00 (8) 


[StS cosy S02? Ou sin20 du sin20 du 


2D: + 2 
or r  oro@d r oo 


r orod 


cos20 Ou se sin20 Gu cos26 0°u 


ror r 06 r 00 


and we have 


(a -~y’) = (cos” @-sin* 0) =r cos20 


2sin20 Cu 2sin26 du _cos26 du 


2; 2 2 2 
(a y’) = as =r cos 204 cos 20 ae Ze 
Ox” Oy or’ 00 


2 
Now oa _ 2/4 
OxOy Ox 


r oro@O Pr 00 +r o& 


(9) 


=(coso 2-8 a) J[sino Se 222 =| 


or r 00 or 


r 00 


O’-u cos’@ 0*u  cos’@ du sin@cos@ du 


=cos@sin 0 + 


a or roo rr ad ror 


sin’ @ G’u  sin@cos@ Gu — sin’ 


O Ou 


+ 
r  O060or r 00" r 


2 2: 
Agee =2r’ sin26| sin @cos poe xs 20 
OxOy Cr> 37 


00 


Cu cos’ @ ou 


orog r 06 


sinOcos@ Gu sin@cos@ G’u sin’ @ du 
+ (10) 


r or r 
Adding (9) and (10), we get required result. 
Example 4. If x =rcos@, y=rsin@, then show that 


oO 
OxOy 


=r~cos20. 


Solution. Here, x=x(r,0) 


dx = ay Ra 
or foley 


07 =r «600 


| 
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= cos 0dr —rsin Odd 
Since y=y(7,0) 
dy= a dr + = dé 
= sin 0dr +rcos 6d0 
Multiplying (1) by cos@ and (2) by sin@ and adding, we get 
dr = cos O0dx + sin Ody 


Multiplying (1) by sin@ and (2) by cos@ and subtracting, we get 


d0= _sind 5 es 
From (3) and (4), we get 
ane o aoe, 
Ox Oy 
0@ sind 00 _cosé 
Ox r dy or 


From (4), rd@ =~—sin Odx + cos Ody. 
Now differentiating, we get 
drd@ + rd*0 = —cos @d dx — sin 6d @dy 
= —(cos Adx + sin Aly )dO 
rd*6 = —(cos @dx + sin Ady )d0 — drdO 
= —(cos Adx + sin Qdy )d0 — (cos @dx + sin Aly dO 


= ~2(cos @dx + sin Ody )d 0 


= —2(cos édx + sin aay se dx + <9 E wy] 


r r 


2 : : 
a O= ~= (cos Gdx + sin Ady (—sin Adx + cos Gly) 


= es (- sin 0cos Odx’ +cos 20dxdy + sin 8 cos Ody ) . 
r 


2 2 
AS d° =a A aL are So we get 
by by y 


Taylor Theorem 


(1) 


(2) 


(3) 


(4) 
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OxOy 


4.6 Extreme Values of Explicit Functions 


=r’ cos26. 


We now investigate the theory of extreme values for explicit functions of more than one variable. 
Definition 1. Letu = f(x, y) be the equation which defines u as a function of two independent variables 
xand y. Then, the function u= f(x,y) has an extreme value at the point (a,b) if the increment 


Af = f(at+h,b+k)— (a,b) preserves the same sign for all values of h and k such that | <o, k| <d 


where © is a sufficiently small positive number. If Af is negative then the value is maximum and if Af 


is positive then the value is minimum. 


Necessary condition for extreme value 
The necessary condition that f(a,b) should be an extreme value is that both f,(a,b) and f,(a,b) are 


zero. Values of (x,y) at which df =0 are called stationary values. 


Or A necessary condition for f(x,y) to have an extreme value at (a,b) is that f,(a,b)=0, f,(a,b) =0 


provided that these partial derivatives exist. 


If f(a,b) is an extreme value of the function f(x,y) of two variables then it must also be an extreme 
value of both the functions f(x,b) and f(a, ¥) of one variable. 


But the necessary condition that these have extreme values at x=a and y=Db respectively is 
f.(a,b)=0 and f,(a,b)=0. 


Sufficient condition for extreme value 

The value f(a,b) is an extreme value of f(x,y) if f,(a,b)=0, f,(a,b)=0 and also ff, (75). 

and the value is maximum or minimum according as f,, or f,,, is negative or positive respectively. 
Here, A=f,., C=f,, B=f, 

(i) If AC—B’ >0, then f(a,b) is a maximum value if 4 <0 anda minimum value if A>0. 

(ii) lf AC—B’ <0, then (a,b) is not an extreme value. 


(iii) If AC—B’ =0, this is doubtful case, in which the sign of f(at+h,b+k)—f(a,b) depends on h 


and « and requires further investigation. 
Example 1. Find the extreme value of the function f(x, y) =x? —xy+y? +3x—-2y41. 
Solution. Here, f(x, y) =x? —xy+ yy? +3x-2y4] 


eed 2k VS, a) 
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fy =—-xt+2y-2, Sy =2; fy =-l. 
For extreme values, f,=0, f, =0 


“2x-y=—3and-x+2y =2 


noe, 3 F 
newts 41 
Thus, the extreme point is (-3.5] : 
A cig A 2 
t i: ) =f. = »B=f,=-1, C=f, =2 
Now, AC-B’ =4-1=3>0and 4=2>0 


———~ 


4.5 is a point of minimum and minimum value= f (-4. *) 


eee 4 care : 
o 3° 9 3 3 


Example 2. Show that f(x, y) =2x*—3x°y+y’ has neither maximum nor minimum at (0, 0). 
Solution. Here, f(x, y) = 2x* -—3x*y+y" 

. f, =8x° —6xy, fa = 24x" —6y 

f, =-3x' +2y, fn o3 fy = 6x 
For extreme values, f.=0, /, =0 

8x° — 6xy = Oand-3x* +2y =0 


2x(4x° -3y) =Oand y — 


2 


“x=Oory= 
If x=0> y=0 
2 2 2 2 
If y = “Sand y — => = a which is not possible. 


So, stationary point is (0,0). 
Now, 4=f,,(0,0)=0, B= f,(0,0)=0, C= f,,(0,0) =2 
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-. AC-B* =0-0=0 
So, doubtful case and further investigation is required. 
Now, Af = f(0+h,0+k)— f(0,0) 
= f(A, k)— (0,0) 
=2h* -3h’k +k? =(2h° —k)(h’ —k) 


If Kk >0 and 2 -k>0 ie. P>k and >> then Af >, 


If? —-k <0 and 2?-k>0 ie. We <k and >5 then Af <0. 
So, for different values of h and k, Af does not have the same sign. Hence, f has neither maximum 
nor minimum at (0, 0). 
Example 3. Find the extreme value of x° —3axy+y*;a>0.. 
Solution. Here, f(x, y)=x° —3axy+y” 
Sf =3x lays fg=Ox 
=o —3ax, fy =6y, fy =—3a 
For extreme value, we put f. =0, f, =0 


3x° —3ay =Oand3y* —3ax =0 


2 2 
yee and x =~ 
a a 


After solving, the stationary points are (0, 0) and (a,qa). 

Now, A= f,,(0,0)=0, B= f,(0,0) =-3a, C= f,,(0,0) =0 
AC-—B’ =-9a° < Oat (0,0). 

So, given function has no extreme value at (0,0). 

Now, A=f,,(d,a)=6a, B= f,,(a,a)=—3a, C= f,,(a,a) = 6a 
AC- B’ =36a —9a’ =27a’ >0 at (a,a). 
& A=6a > 0 


Hence, the given function has minimum value at (a,q). 
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3 3 
Example 4. Letu =xy+—+—, 


x y 
uw 
Ox ss x’ 
Ou a 
i i 
Oy y 


Putting x= a, y=a 


CU 226" OU. Our da 
= =) =, ae aa 


Oe xe Ox0y 
Therefore r and t are positive when x = a= y and rt- s* = 2.2-1= 3 (positive). Therefore, there is a 


Hence 


minimum value of u viz. u= 3a’. 
Example 5. Let 
fouy) = y2+x2y4+ x". 
It can be verified that 
f,(0,0) = 0, f,(0,0) = 0 
frx(0,0) = 0, fyy(0,0) = 2 
fry (0,0) = 0. 
So at the origin, we have 
fxfyy = fey” 
However, on writing 
yrtxtytxt= (y+5x7)? + a 
It is clear that f(x, y) has a minimum value at the origin, since 
Af = fuk) - fO,0)= k+hy+ * 
is greater than zero for all values of h and k. 


4.7 Stationary Values of Implicit Functions 


To find the stationary values of the function 
SACome re tdacade Fe oe) arg) meen ee U, ) (1) 


of (n + m) variables which are connected by m differentiable equations 
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Ola, nustdeiztsess jig Wis hs seactanspciastecses u,,)=0;7=1,2, ot cuatents nests ,m (2) 
If the m variables w,,w, 40... ,u,, are determinate as functions of x,,X,,.....0+ ,x, from the system of 
m equations of (2), then f can be regarded as a function of n independent variables x,,x,,........ m8 


Ata stationary point of f, df =0. 


Hence at a stationary point, 0 = df = f, dx, + fi, dX. tence Ff ESS MOE atti aca +f, du, 
(3) 
Again differentiating the equation (2), we get 

ce ae iniseahe’ FeAl dee ae seas jG gs 

Ox, Ox, Ou, Ou,, 

OD ie ein tet ic Mang og OO ie sss + , du,, =0 

Ox, Ox, Ou, Un, 

sasha aca cea ce asa sted aa hae Bale arn ait he aA (4) 

0 0 

Pn OG scesti + Pn dx,, + Fn Ath, Fasscscosss be aay =0 

Ox, Ox, Ou, Ou, 

From these m equations of (4), the differentials du,,duy,..........04 ,du,, of the m dependent variables 


may be found in terms of the n differentials dv,,dx,,......... ,dx, and are substituted in (3). This way df 


has been expressed in terms of the differentials of the independent variables, and since the differentials 
of the independent variables are arbitrary anddf = 0, the coefficients of each of these n differentials may 


be equated to zero. These n equations together with the m equations of (2) constitute a system of (n + m) 


equations to determine the (n + m) coordinates of the stationary points of f. 


Example 1. F(x, y,z) is a function subject to the constraint condition G(x, y,z)=0. Show that at a 
stationary point. 
F.G,-F,G, =0. 
Solution. We may consider z as a function of the independent variables x, y. 
At a stationary point, dF =0 
0 =dF = F.dx+F,dy + F.dz. (1) 
Differentiating the relation G(x, v; z) = 0 ,we get 
G,dx+G,dy+G,dz =0. (2) 


Putting the values of dz from (2) into (1), or what is same thing, eliminating dz from (1) and (2), we get 
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(FG, -G,F, dx + (F,G, - G,F, \dy = 0 


Since dx, dy (being differentials of independent variables) are arbitrary, therefore 


FG, -G,F, =0 
F.G,-G,F, =0 
which gives FG, —G,F, =0. 


4.8 Lagrange Multipliers Method 


In this method, we discuss the determination of stationary points from a modified point of view. This 
process consists in the introduction of undetermined multipliers, a method due to Lagrange. After his 
name, this method also called Lagrange’s method of undetermined multipliers. 


Let u = 6( X41, X2, «.», Xp) be a function of n variables which are connected by m equations 
Piso) = 0 Ca a) = Oi So ek =O, 
So that only n-m variables are independent. 


When u is maximum or minimum 


Ou Ou (6) 

du = 57 dx +5. dx, dx3 -+— dx, =0 

Also df, = dx, +o dx, + <4 + dx t+ na + dx, = 0 
(<) 0 0 

ify 8 day 4B dng + Mc 12 amy <0 


dfn = 2 dx, + dx, + In 


~ Ox, 
Multiplying all these respectively by 1, 24,12, ..., is and ee we get a result which may be written 
P, dx, + Pp dx, + P3 dxX3+°+ Poadx. = 0, 


0 0 (2) 
Where P. = at re sot A, ee Oy A: 


™ ax, 


The m quantities 1, A, ...,A,, are of our choice. Let us choose them so as to satisfy the m linear 
equations 


The above equation is now reduced to 


Pm+1dXm+1 + Pm42dXm+2 + 1° + Pydxn = 0 
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It is indifferent which n-m of the n variables are regarded as independent. Let them be 
Xm+vXm+2+-»Xn- Then since n-m quantities dX y414,dX%m42,..dx, are all independent, their 
coefficients must be separately zero. Thus we obtain the additional n-m equations 


Pitt = Pio = eceeececals =P,= 


Thus the m+n equations f| = f2 = ............. = fr=0 and P; = Pz = ............. = P,=0 determine the m 
multipliers 2,,A2,...,4;m and values of n variables x,,X2,...,X, for which maximum and minimum 
values of u are possible. 


2 2 2 
Example 1. Find the length of the axes of the section of the ellipsoid [+4 +5 =1 by the plane 
p g P a2 bb ¢2 
Ix +my+nz =0. 
Solution. We have to find the extreme values of the function r* where r? = x? + y? + z?, subject to 
the equations of the condition 


2 
+454+5-1=0, 


a2 pb? ¢2 


Ix+my+nz=0. 


Then xdx + ydy + zdz=0 (1) 
dx + gdy +s -dz=0, (2) 
Idx +mdy + ndz = 0 (3) 


Multiplying these equations by 1, A,, A, and adding we get 


x+A, + Al =0 (4) 
a 

Dt Aay y+ Am= 0 (5) 

Ae. 7 +An= 0 (6) 


Multiplying (4), (5) and (6) by x, y, z and es we get 


(x? + y? +2) +a(S +5 ip 2) + Ag(Ix + my + nz) = 0 


or Pea = 0S 4,2 =r: 
From (4), (5) and (6), we have 
C= Azl = Azm _ Ann 


Fe a SH ee 
CG) Gz-D Ga7D 
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Dod 27.2 2.2 
But lx +my +nz=0 = 4, = ie at it 7 + [ 7|-0 and since A, #0 the equation giving the 
r —a | io r—-c 


values of r?, which are the squares of the length of semi-axes required (quadratic in 7°) is 


Pa . mb? . ye -” 
re 2p? 22 : 


—a r 


Example 2. Investigate the maximum and minimum radii vector of the sector of “surface of elasticity” 
(x? +y?+27)? =a°x" +y°b’+z’c? made by the plane x + my + nz = 0. 


Solution. We have 
xdx + ydy + zdz =0 (1) 
a’xdx+b’ydy+c’zdz=0 (2) 
Idx +mdy +ndz =0 (3) 
Multiplying these equations by 1, 2,4, and adding we get 
xtax/, +1A, =0 (4) 
y+b yA, +m, =0 (5) 
z+c°zd, +nd, =0 (6) 
Multiplying(4), (5) and (6) by x, y, z respectively and adding we get 


(x+y? +27 )+4, (a x+y"b > +277) +A, (Ix+my+nz)=0 
>r+Ar* =0 See 
r 


Al? Amr? A,r? 
—t y Z= 


2 2? 2 2 2 2.6 
a —r b =r Cc -r 


Ar Am’? Ayn? 
Then ix + my +nz=0=> ——~+4—, +3 = 0. 
a—-r b-r ce-r 


m nN 


Fa 7 ta 22 
ro-a r-—-b r-ce 


It is quadratic in r” and give its required values. 


Example 3. Prove that the volume of the greatest rectangular parallelepiped that can be inscribed in the 


a(é 6) 1 1 1 
Ns = 


fy -ya -ap 


ellipsoid 
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Solution. Volume of the parallelepiped = Qeyz. Its maximum value is to find under the condition that it 
2 2 


ae aT = tata oe Z 
is inscribed in the ellipsoid —+ os + =1, we have 
a e 


U ™ Gurr 
foe 
Aa gtatstt 
Therefore 
du. = Syrdx + Sxady + Sxyds = 0 (1) 
df = ie dy az =0 (2) 
a b Cc 


Multiplying (1) by 1 and (2) by A and adding we get 


ye+7-2=0 (3) 
a 

xt A=0 (4) 
b 

xy+A=0 (5) 
Cc 


From (3), (4) and (5), we get 


_a@yz_ bx xy 


A= 
x y Zz 


2 2 2 
aye Dm oxy 


and so 
x y Z 


Dividing throughout by xyz we get 


x y Z a b ¢ 
3x° a a b é 
Hence ——=1 or x = —= .Similarl =—, Z=-—— 
e B yy 3 B 
8abc 


It follows therefore that u = 8xyz = 33 
Example 4. Find the point of the circle x’ +y* + z = 1, +my+nz=Oat which the function 
u = ax’ + by’ + cz’ + 2fvz + 2gzx + 2hxy attains its greatest and least value. 
Solution. We have 

u = ax? + by’ + cz’ + 2fvz + 2gzx + 2hxy 


fi =lx+mytnz 
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fpaxvtyt27-i 
Then 
axdx + bydy + czdz+ fydz+ fedy+...+ gzdx + gxdz + hxdy + hydx 
Idx +mdy + nde = 0 
xdx + ydy +2zdz=0 
Multiplying these equations by 1, /,,4, and adding, we get 
ax+hy+gz+Alt+A,x=0 
by + hx + fot Aymt Agy = 0 
cot gx tfy+ Aya t+dgz = 0. 
Multiplying by x, y, z and adding we get 
UtAg@Q > Ag=-u. 
Putting all the values in the above equation we have 
x(@—u) thy+grt+ U4, =0 
hx + y(b-u)+ fz+md, =0 


gx+ fy+a(c—u) + nd, =o 
le +imy + nz +O = @. 
Eliminating x, y, z and 4, ,we get 
a-u kh g 1 
kh b-wu f mI _ 9 
g¢ f ¢-& t 
m tT 0 


Example 5. If a, b, c are positive and 


234 Bn 1 de? 
al Fer yf ayagn> x? + by? + cx? = 1, 


“t= 
Show that a stationary value of u is given by 


z 


= £ 


iaiatay' 7 ~ Tayetey"= ~ Teatad 
where pt is the +ve root of the cubic 

pp? —(be + ca +ab)p — Zabc = 0, 
Solution. We have 


a (a*x*4n*y*4A2*) (1) 
x ytge 


ax? + by? + cx* m1 (2) 
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Differentiating (1) we get 
2 2 
5(S+S |a-0 
zy 
which on multiplication with x*y*zr? yields 
yt ( 2,2 2,2 = 
ytez )dx =0 (3) 
es 
Differentiating (2) we have 
Eardx = 0 (4) 


Using Lagrange’s multiplier, we obtain 


= (pe y2 + cfg") m par 


ie. Bey? + cf zn? mm pax® (5) 
cfg? +t gtx? mm pby* (6) 
atx? +} bey? mm post (7) 


Then (6) + (7) - (5) yields 
Zatx®= p(by? + cz? ax*) 


oa) (By (2)) 
Therefore 
Za(a + p)x*= p 
2- —# 
=x Zalatp) 
is ae 7=—+ 
Similarly y* = > etn) and &° = dolotp) 


Substituting these values of x*, *, 27 in (2), we obtain 


rs 3 
Z(atpe) + 2(btp) + Zlotp) 


which equals to 
#° — (bc + ca + ab) — 2abc = 0, (8) 


Since a, b, c are positive, any one of (5), (6), (7) shows that y must be positive. Hence y is a positive 
root of (8). 
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4.9 Jacobian and its Properties 
In this section, we give definition of Jacobian and discuss its properties. 


4.9.1 Jacobian 
If Wy, Wgy wp, be n differentiable functions of the n variables 1,3, o,%, then the determinant 


Ou, OU, Ou, 
ae 8 ae, 
Oe OG. Oe 
Ou, Ou, Ou,, 
a, ex,” x, 
is called the Jacobian of u,,u,,...,u, with regard to x,,x,,...,x,. The determinant is often denoted by 


OU Us gxcsieg Wf, ) (Bgl sacecesld,) 
eC ae een ae) (Xie tosnaet,) 


or shortly J, when there can be no doubt as to the variables referred to. 
Theorem 1. If u,,u,,...,u, ben differentiable functions of the n independent variables x,,x,,...,x, and 
there exists an identical differentiable functional relation g(u,,u3, «.,u,,) = @ which does not involve 


the x’s explicitly, then the Jacobian 


Stu 10 
6 (tg atm it) 


vanishes identically provided that @ as a function of the u’s has no stationary values in the domain 


considered. 


Proof. Since 


P( Uz, Uz, m,U,) = @. 


We have 

oe ¢ a a 

fu, a t 5 Ma t +3), tn 0 (1) 
But 


fu fu. fu 
— — ate — 
du, = Fae oth + FA ty + + i Oy 
eu, Guy rep Op 
du, = Fa, 01 t 5 Hy t + ati 
On substituting these values in (1) we get an equation of the form 


A, dx, + Ag dx: + oeedp A, a%_ = (3) 
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And since GX 4 ,A%5, ~s 02, are arbitrary differentials of independent variables, it follows that 


A, = U,A, = U, uA, =U 
In other words 


ba 
al ta * ae qateehs ae 


fo pre oJ is it Map (4) 
fu, ‘Oa, + ou." ? Pug “om 


SO Fan Se ita, 86 Mey 
ug Gay ° Ou, Say Pug P#p 


And since by the hypothesis, we cannot have 


690 OD ates) 

——— eee BT 0 

du, du, ul. 

On eliminating the partial derivatives of @ from the set of equation (4) we get 
Psp) = 
B (iy Rynrndy) 


which establishes the theorem. 

Theorem 2. [ff wy,greny, be n_ functions of n_ variables Hyp2g,mpH, Say 
Un = fealty tg, eX) (m = 1,2,..,m) and if ee = Q, then if all differential coefficients 
concerned are continuous, there exists a functional relation connecting some or all of the variables 


Ug; Ug, wep U, Which is independent of ty, 3%g, wey. 
Proof. First we prove the theorem when n=2. We have y = Fe ED), ¥ id g(x: ¥) and 


u fy 
fe | 8 
Gx by 
If v does not depend on y, then ~ = © and so either = = 0 or else = = @. In the former case u and v are 
the functions of x only, and the functional relation sought is obtained from 
um f(x)" = g(x) 


By regarding x as a function of v and substituting in % = f(), In the latter case v is constant, and the 
functional relation is v = a. If v does depend on y, since = = © the equation v = g(x, y) defines y as a 
function of x and v, say 

¥ = (zr), 
And on substituting in the other equation we get an equation of the form 


u = F(x,v). 
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(The function F[x, g(x, y)] is the same function of x and y as f(x, y)) 


Then 
w fa] or, oF ay OF By Fo 
Q m |e Oy} fax © awd Ov OY) Clee &y 
% oy oe on 
me Oy Ox Oy * y 


(obtained on multiplying the second row by = and subtracting from the first ) and so, either = = Q, 


which is contrary to hypothesis or else = = @, so that F is a function of v only; hence the functional 
relation is 

u=F(v) 
Now assume that the theorem holds for n—-1. 


Now u, must involve one of the variables at least, for if not there is a functional relation u, =a. Let one 


‘ : ou ; 
such variable be called x, since #0 we can solve the equation 
Xx 


u, > Tee Rogengh,) 
for x, in terms of x,,x,,...,X,_,and u,,and on substituting this value in each of the other equations we 
get n—1 equations of the form 
U, = 8, (%),Xo5---9X,-U,), G=12,....n-D (1) 


If now we substitute f,(x,,x,,....x,) for u, the functions g (x,,x,,...,x,_,,U,) become 


P( 2 Xion e ok, (a2) 


Then 
of, Of, of, 
Ox, Ox, ” OX, 
of, of, Of, 
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8. Og, (Ou, og, ae og, : ou, Og, ou, 
éx, Ou, Ox, 'Ox,, Ou, Ox,, Ou, ox, 
Of, 08, OU, Of, | OS, OU, OS, OU, 
= OX, ou, Ox, "OR 6 ou, Ox, Ou, Ox, 
ou, ou, ou, 
Ox, OX, Ox, 
OSE, 55 3) 
Ox, 56 ae 
OEY 5 BIS 6 
SOR Oke a 
Ou, Ou, Ou, 
Ox). ORG OR, 
by subtracting the elements of the last row multiplied by 
08) OB Bn 
du, Ou, du, 


from each of the others. Hence 


UW, ALi Broa) _ 9, 
Ox, OR oye) 


Since HW, 20 we must have O(8) B29 Bn) 
x OG X ayes 


n 


=0, and so by hypothesis there is a functional relation 


between g,,g,,....g,,, that is between u,,u,,...,u,_, into which u, may enter, because u, may occur in 


n-l 
set of equation (1) as an auxiliary variable. We have therefore proved by induction that there is a relation 
between u,,U;5...,U,. 


4.9.2 Properties of Jacobian 


Lemma 1. If U and V are functions of u and v, where u and v are themselves functions of x and y, we 


have 
(U,V) _ (U,V) O(u,v) 
Ax,y)  O(u,v) O(x,y) 
Proof. Let U = f(u, v), V = F(u, v) 
u=(%, y), V=W(% y) 
Then OU OU du OU ov 


= oF : 
Ox Ou Ox OV Ox 
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eU _ dU du , 8U dv 
dy du dy dv dy 
ev av du , eV ev 
Ox Ou Ox ov ox 
ev av du , 8V ov 
dy du dy Ov oy 

and 


eU aul] jocu ou 
a(U,V) d(u,v) _| du ev] Jex dy 
O(u,v) O(x,y) |OV OV] |Ov. ov 
Cu oul |Ox oy 
oU ou OU W OU ou OU ov 
_|Ou Ox Ov Ox Ou dy Ov oy 
~|6V du AV By OV Gu AV av 
du Ox Ov 6x du dy Ov dy 
au wu 
i Ox oy _ OU, V) 
~|6V. AVI (Ky) 
ox by 


The same method of proof applies if there are several functions and the same number of variables. 


Lemma 2. If J is the Jacobian of system u, v with regard to x, y and J’ the Jacobian of x, y with regard to 
u, v, then J J’= 1. 
Proof. Let u = f(x, y) and v = F(x, y), and suppose that these are solved for x and y giving 


x = (u,v) and y=y(u, v), 


we then have differentiating u = f(x, y) w.r.t u and v; v = F(x, y) w.r.t u and v 


obtained from u = f(x, y) 


obtained from v = F(x, y). 
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Also JJ'= 


~ av ox Ov Oy Ov Ox | dv dy 
Ox’ du dy du Ox dv dy dv 


1 0 
= =] 
01 
Example 1. If u=x+2y+z,v=x-—2y+3z 
w = 2xy-xz+4yz-2z’, 


O(u, v, W) 


X,Y,Z 


prove that = 0, and find a relation between u, v, w. 


Solution. We have 


Cu Ou ou 
ox dy oz 
O(u,v,w) |Ov Ov Ov 
O(x, y,Z) ~ |x Oy OZ 
Ow Ow Ow 
ox éy oz 
1 2 1 
=k —2 3 


2y-z 2x+4z -x+4y-4z 
1 0 0 
=|1 —4 2 
2y-z 2x+6z-4y —-x+2y-3z 
Performing c, > c,—2c, and c,; >c,-c¢, 
il eA 2 
~-|2x +6z—4y =k Dy 32 
=0. 


0 2 
0 =x%4+2y-32 


Performingc, > c, + 2c, 


Hence a relation between u, v and w exists. 
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Now, 
ut+v=2x+4z 
u-v=4y-2z 
Ww =x(2y—z)+2z(2y—z) 
=(x+2z)(2y—z) 
= 4w =(u+v)(u—v) 
=> 4w=u-v 


which is the required relation. 
Example 2. Find the condition that the expression px+qy+rz,p’x+q’'y+r’z are connected with the 
expression ax’ + by’ +z’ + 2fyz + 2gzx + 2hxy, by a functional relation. 
Solution. Let 
u=px+qy+iIz 
v=p'x+q'ytr'z 
w =ax’ +by’ +z’ + 2fyz+2gzx + 2hxy 


We know that the required condition is 


O(u,v,w) | 
O(x, y,Z) 
Therefore 
ou ou ou 
Ox Oy Oz 
av wv w |_, 
Ox Oy OZ 
ow Ow ow 
Ox Oy © 
But 
ou ou ou - 
ae es 
OV GV = ON oy 
p) q, T 
Ox Oy 6) 
OW, Sone Ghai ey 
Ox 
OW _ hx + 2by + 2fz 
oy 
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ail =2¢x + 2fy + 2cz 
OZ 
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Therefore 
Pp q 
p' q' =0 
2ax+2hy+2gz 2hx+2by+2fzZ 2gx+2fy+2cz 
Pp q tf Pp q ¢t Pp q ¢t 
> p' q' r' =0, p' q' r' =0, p' q' r' =0 
a hg h b g f c 


which is the required condition. 


Example 3. Prove that if f(0) = 0, f'(x)= — , then 
x 


roost) moa 
1—xy 


Solution. Suppose that 
u= f(x) +f(y) 


ook 
1—xy 


ou ou 
Now J(u,v)= 


2/2 2| 


1 1 
l+x? 14y? 


l+y* 1+x? 
(l—xy)’  (l-xy)’ 


Therefore u and v are connected by a functional relation 


Let u = o(v), that is, 


rey +tey=a{ =| 


1—xy 


Putting y = 0, we get 
f(x) + £(0) = (x) 
= f(x) + 0 = o(x) because f(0) = 0 


166 


Hence f(x) +f(y)=f (2+) 
1—xy 


Example 4. The roots of the equation in 4 

(A-x) +(A-y) +(%-z) =0 
O(u,v,w) __, (¥=2@-x(x-y) 
A(x, y,zZ) (v—w)(w—u)(u—v) 


are u, v, W. Prove that 


Solution. Here u, v, w are the roots of the equation 


M=-(x+y+Z)V +(x’? +y’ +2yh- a8 +y +z )=0 


Let x+ytz=—& x+y tz =n, soc ty tz)=¢ 
and then utv+w=6 vw+wut+uv=n, uvw=C 
Then from (1), 
1 1 
oS nS) 


=|2x 2y 22z| = 2(y —z)(z—x)(x —y) 
(x, y,Z) 2 2 2 
Ken EE 


Again, from (2), we have 


1 1 


o(§ 0,5) =|lyv+w wetu ut+vi=-(v w)(w u)(u v) 
O(u, Vv, w) aa 7 
Then from (3) and (4) 


O(u,v,w) _ OU,v,w) OGG) __, (Y= ZZ~x\(x=y) 
O(x,y.Z)  O(& 1,0) (x,y,z) (v—w)(w—u)(u—v) 
x y Z 


+ + 
at+k b+k ctk 


Example 5. If «,f,y are the roots of the equation =1 mk, 


then 


(x y,Z) __ (a =B\B-Wy- a) 
O(a,B,y) — (a—b)(b—e)(c—a) 


Solution. The equation in k is 


k+k’(at+b+c—x-—y-z)+k[ab+be+ca—x(b+c)—y(c+a)—z(a+b)] 


+abc — bex — cay — abz =0. 
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(1) 
(2) 


(3) 


(4) 


(1) 
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Now a,f,y are the roots of this equation. Therefore 

a+B+y=-(a+b+c)+x+y+z 

ap + By + ya =ab + be + ca — x(b +c) — y(c+a)—z(at+b) 
and 

apBy =—abc + bex + cay + abz 

Then, we have 
g Oye Oe 
Coa 0a 
OY 0k 
op oO 


Ox 
3a” 
Os 
op B 


_Ox by  & 
es 
Bry=(b+o)— Ay Gy 

0a 0a 


y+a=-(b je (c ayo Gab 


op op op 
a+B=—(b oe (c oe (a4 be 
Ox oy OZ 
By = Dee ca tab 
Fe es ge nie 
op op op 
aB =be po pep 
oy 
Ox oy OZ 
oa Ca ea 1 7 
Ox Oy OZ 7 - 
Now a8 op ap (b+c) (c+a) (a+b) 
be ca ab 
Ox oy OZ 
Oy OY oy 
1 1 l 
=Bty yta a+B 
By yo ap 
Hence 
Top jis AaB) =a-BIB—Ny—@) 
= A(x, y,2)__ (a-B\B- Wy - 2) 


Ha,B,y) — (b—e)(c —a(a—b) 
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Second Method. After the equation (1), 
let at+b+c-(xt+y+z)=& 


ab + be +ca—x(b+c)—y(c+a)— z(a+b)=n 


abc — bex — cay — abz = (2) 
a+B+y=—§ aB+By+yo=n, aby =—¢ (3) 
Then 
—| —l —l 
A515) _|_(y +0) —(c+a) —(a+b)| =(a—b)(b-c)(c—a). 
O(%, ¥52) —be —ca —ab 
and 
1 1 1 
saya yta a+B 
Qa, 9 
7 |p) -ya -ap 
= —(a-B)\(B-y)(y-@) 
eT om O(x,y,2) _ O6y.2) OE n.G) __ (4-B\B-V(y-a) 


A(a,B,6) O(En.6) O(a,B,y) — (a—b)(b-c)(c~a) | 


Example 6. Prove that the three functions U, V, W are connected by an identical functional relation if 


U=x+y-z,V=x ytz,W=x° t+y*+z"-2yz 
and find the functional relation. 


Solution. Here 


oU oU oU 
Ox ‘oy Oz 
o(U,V,W) _|eV ov OV 
O(X, Y,Z) ~ | éx Oy ez 
OW OW OW 
6x. “éy Oz 


2x 2Ay-z) = 2(z-y) 
Performing c, > c, +c, 


2x 2(y -Z) 0 


Hence there exists some functional relation between U, V and W. 
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Moreover, 
U+V=2x 
U-V=2(y-z) 
(U+V) +(U-V/) =4(%? +y* +27 —2yz) 
=4W 
which is the required functional relation. 
Example 7. Let V be a function of the two variables x and y. Transform the expression 
ov ov 
ax? By? 


by the formulae of plane polar transformation 


x=reos0, y=rsin0. 


Solution. We are given a function V which is function of x and y and therefore it is a function of r and 9. 
From x=rcos0@, y=rsin@, we have 


r= jx’ +y’, O=tan'y/x. 


Now 
ov _ov or PRGA fale) 
ox Or 6x 60 ox 
OV. sin8 0V [ or 00 ant) 
= cos 9 — — ——— od —=cos9, SS 
or r 00 ox r 
ae OV _OV Oo | OV 08 
Oy Or dy 68 dy 
. .0OV cos8 dV oti, 08 cos 
= $in@— + — °° —=sin0, —= 
or r 00 oy oy r 
Therefore 2 -(c0 pont 2) 
Ox or r 00 
a) [ : Oo cosé =| 
— =| sinOd—+ — 
oy or r 00 
2 . * 
Hence @ a -(cosaZ S89 F \( cost S08) 
Ox or r 00 or r 00 
a) OV sinOoV \ sind 0 OV” sin@ OV 
= cos 9—| cos0 - - cos0 - 
or or r 00 r 00 or r 00 
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OV 


sin? OV 


sin@ OV 


= cos oso a 
or 


r a0 +r e060 


| 


sin@ OV. Vv cosO0V sinOaV 
———| cos 0 S16 ————_— |, 
r Or or r 0o@ r 06 
Nee sig a sinOcosO OV sin’-O OV 
=cos 0_,-2 -—. 5 
or r oro@d r- oO 
sin?@ OV 2sin@cos@ OV 
+ + 5 
r or r 00 
O-vV . 0  coséd 0 _ OV cos dV 
and 7 =| sind—_+ — || sin @ — + —— — 
Oy or r 00 Or r 00 
= sin 2 sino 4 S282 7 cos@ 0 [sina 
or or r oO 00 or 
_ OV cosOGV cos@ OV 
= sin 8} sind —- -—.-— + — 
or r- oO r orod 
cosO@( . . OV OV sin@ eV cos@e’r /, 
+ sind +cos 9 —-— —+ 5 
r Or or r 00 r oo 
_5,0V_ sin@cosO dV cos@sind eV 
= sin’ O—, - 5 
or r oro@ 00 
i cosOsin@ 0°V P cos’'80°V cos’ @ GV 
r OG0r r 00° r or 
_ sin @cos 6 ov. 
r fle 
Adding (1) and (2), we obtain 
OV OV aV 10 1av 
+ = + —. 
Or Oy Or or Gr: or’ OP 


which is the required result. 


Example 8. Transform the expression 


by the substitution x=rcos@, y=rsind. 


Solution. If V is a function of x, y, then 
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(2) 
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OV _ OV ox , OV oy _xV yo 


Gr x Or dy Orr ax r oy 
OV OV = O 0 
> r =X +y =|x—+y V 
or Ox Oy Ox ~ Oy 
0 0 O 
> = +y 
Or Ox oy 
Pee 3) 0 0 
Similarl = Z 
2 20. ey. Oe 
OZ OZ or OZ OO OZ sind oZ 
Now = Sg ara ace 
Ox OF Ox. 08 Ox or r 00 
OZ . ,OZ cosdoZ 
— = sin 9d — — 
oy Or r 00 
2 2 2 2 
Therefore (2) + ed -(2) + (2) 
Ox Oy Or r’-\ 00 


and the given expression is equal to 


Oru 5 Ou 


2 A Spa dang Ate Nae +4 = pages 
os ae =) exdy | Or 


where u is any twice differentiable function of x and y. 


Solution. We have 
Ou Ou Ox | Ou oy 


Gr ax ar ay a 
By ce ice aa 
Ox Oy rox roy 
Ou Ou Ou 
=> — = x— + y— 
Or Ox Oy 


0 a) O 0 Ou Ou 
Therefore r ‘a =|x—+y y— ty 
or\ Or Ox ~ oy Ox ~ oy 


or 


(1) 


(2) 


(1) 
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Therefore 
2 2 2 2 
LL al 55) Ou ap 
Or Or ox OxOy oy 
MOU ON OW. yOu 
ape’ ate EY 
Or ox OxOy oy 
Again, Cu _ Ou Ox £ Ou Oy 
00 ox 00 ody 06 
_ O_o 
ay” ox 
2 
Therefore g = pee jae ae 
00 Oy ~ Ox Oy ~ Ox 


,0Uu Ou 5OUu — Ou 


=x =2% + x 
oy » Ovox 4 oy Ox 


From (1), (2) and (3), we get the required result. 
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